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1ABSTRACT
ONE-CENTER EXPANSION WAVE FUNCTIONS 
AND THE HELLMANN-FEYNMAN THEOREM
by
JAMES JOSEPH EBERHARDT
O n e - c e n t e r  e x p a n s i o n  wave f u n c t i o n s  (OCE-WF*s) o f  
m u l t i c o n f i g u r a t i o n a l  t y p e  a r e  u s e d  t o  com pute  i n t e r n u c l e a r  
f o r c e s  f o r  t h e  h y d r o g e n  m o l e c u l e .  A c o m p a r i s o n  i s  made 
b e t w e e n  t h e  f o r c e  v a l u e s  c o m p u ted  f r o m  t h e  s l o p e  o f  t h e  
t o t a l  e n e r g y  c u r v e  a n d  t h o s e  f o r c e s  p r e d i c t e d  by  t h e  H e l l m a n n -  
Feynman e l e c t r o s t a t i c  t h e o r e m  (HFET) i n  o r d e r  t o  a s c e r t a i n  
t h e  r e l i a b i l i t y  o f  t h e  f o r c e s  c o m p u te d  f ro m  t h e  l a t t e r  when 
an  a p p r o x i m a t e  wave f u n c t i o n  o f  t h e  OCE t y p e  i s  u s e d .
I n  g e n e r a l ,  t h e  HFET c a n n o t  be e x p e c t e d  t o  p r o v i d e  
q u a n t i t a t i v e l y  o r  e v e n  q u a l i t a t i v e l y  c o r r e c t  b e h a v i o r  f o r  
i n t e r n u c l e a r  f o r c e s  when a p p r o x i m a t e  wave f u n c t i o n s  a r e  u s e d  
u n l e s s  i n f i n i t e s i m a l  c h a n g e s  i n  n u c l e a r  p o s i t i o n s  ( i n  t h e  
c a s e  o f  a  d i a t o m i c  m o l e c u l e ,  an  i n f i n i t e s i m a l  c h a n g e  i n  t h e  
i n t e r n u c l e a r  d i s t a n c e )  p r o d u c e  no c h a n g e  i n  t h e  a p p r o x i m a t e  
wave f u n c t i o n .  Such  a p p r o x i m a t e  wave f u n c t i o n s  a r e  c h a r a c t e r ­
i z e d  a s  " f l o a t i n g "  o r  " s t a b l e "  wave f u n c t i o n s .  S i n c e  OCE-WF*s 
h a v e  no  p r o v i s i o n  f o r  t h e  i n c l u s i o n  o f  p a r a m e t e r s  t o  a l l o w
vli
t h em  t o  " f l o a t " ,  t h e y  w o u ld  n o t  be  e x p e c t e d  t o  s a t i s f y  
t h e  t h e o r e m .
The r e s u l t s  show t h a t  OCE-WF's do  i n d e e d  s a t i s f y  
t h e  HFET w i t h o u t  n e e d  o f  f l o a t i n g  p a r a m e t e r s  i f  t h e  f o l l o w i n g  
t h r e e  r e s t r i c t i o n s  a r e  o b s e r v e d .
1)  The c o o r d i n a t e  s y s t e m  m u s t  b e  c h o s e n  s u c h  t h a t  
t h e  k i n e t i c  e n e r g y  p a r t  o f  t h e  H a m i l t o n i a n  i s  i n d e p e n d e n t  o f  
n u c l e a r  c o o r d i n a t e s  ( i n t e r n u c l e a r  d i s t a n c e ) .
2)  The OCE a p p r o x i m a t e  wave f u n c t i o n  m us t  b e  f u l l y  
o p t i m i z e d  w i t h  r e s p e c t  t o  a l l  o f  t h e  b a s i s  f u n c t i o n  p a r a m e t e r s  
i n c l u d e d  i n  t h e  wave f u n c t i o n .
3) The b a s i s  f u n c t i o n s  u s e d  t o  c o n s t r u c t  t h e  wave 
f u n c t i o n  m ust  e x h i b i t  no e x p l i c i t  d e p e n d e n c e  upon  n u c l e a r  
c o o r d i n a t e s  ( i n t e r n u c l e a r  d i s t a n c e ) ,  a l t h o u g h  an  i m p l i c i t  
o r  p a r a m e t r i c  d e p e n d e n c e  i s  a l l o w a b l e  i f  c o n d i t i o n  ( 2 )  i s  
f u l f i l l e d .
OCE f u n c t i o n s  s a t i s f y i n g  t h e  ab o v e  t h r e e  c r i t e r i a  a r e  r e f e r r e d  
t o  a s  b e i n g  s t a b l e  w i t h  r e s p e c t  t o  c h a n g e s  i n  n u c l e a r  c o o r d i ­
n a t e s  a n d  h e n c e  t h e  HFET i s  s a t i s f i e d .
From an  a n a l y s i s  o f  t h e  OCE r e s u l t s  i t  i s  i n f e r r e d  
t h a t  m o s t  a p p r o x i m a t e  wave f u n c t i o n s  do n o t  s a t i s f y  t h e  t h e o r e m  
b e c a u s e  t h e y  a r e  o f  m u l t i c e n t e r  t y p e .  Use o f  s u c h  a p p r o x i m a t e  
wave f u n c t i o n s  l e a d s  t o  t h e  I n t r o d u c t i o n  o f  e x p l i c i t  d e p e n d e n c e  
o f  t h e  wave f u n c t i o n  on  n u c l e a r  c o o r d i n a t e s  when t h e  b a s i s  
f u n c t i o n s  a r e  t r a n s f o r m e d  f ro m  t h e i r  n u c l e a r  c e n t e r s  t o  a  
p o i n t  c o i n c i d e n t  w i t h  t h e  o r i g i n  o f  a  vo lum e e l e m e n t  o f  i n t e ­
g r a t i o n .  W i t h o u t  s u c h  c o o r d i n a t e  t r a n s f o r m a t i o n s  t h e  b a s i c
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m u l t i c e n t e r  i n t e g r a l s  c o u l d  n o t  b e  e v a l u a t e d .  I t  i s  p o i n t e d  
o u t  t h a t  t h e  i n t r o d u c t i o n  o f  a d d i t i o n a l  v a r i a t i o n a l  p a r a m e t e r s  
w h i c h  a l l o w  t h e  b a s i s  f u n c t i o n s  t o  " f l o a t ” o r  move f ro m  t h e i r  
f i x e d  n u c l e a r  c e n t e r s  r e m o v e s  t h e  e x p l i c i t  d e p e n d e n c e  o f  t h e  
m u l t i c e n t e r  i n t e g r a l s  ( a n d  h e n c e ,  t h e  wave f u n c t i o n )  on  n u c l e a r  
c o o r d i n a t e s  w h i c h  w o u ld  o r d i n a r i l y  b e  i n t r o d u c e d  by t h e  b a s i s  
t r a n s f o r m a t i o n .
C o r r e l a t i o n  e f f e c t s ,  a s  e x p e c t e d ,  a r e  shown t o  h a v e  
no p a r t  i n  t h e  s a t i s f a c t i o n  o r  n e g a t i o n  o f  t h e  t h e o r e m .
C o m p a r i s o n  o f  t h e  f o r c e s  c o m p u te d  by e i t h e r  m e th o d  
w i t h  e x p e r i m e n t a l l y  d e t e r m i n e d  v a l u e s  shows t h a t  t h e  r e s u l t s  
o b t a i n e d  f ro m  c o m p a r a b l e  OCE-WF's i n  a  G a u s s i a n ,  a  S l a t e r  o r  
a g e n e r a l i z e d  e x p o n e n t i a l  t y p e  b a s i s  a l l  become p r o g r e s s i v e l y  
w o r s e  a s  t h e  i n t e r n u c l e a r  d i s t a n c e  i s  i n c r e a s e d  f ro m  t h e  
e q u i l i b r i u m  i n t e r n u c l e a r  s e p a r a t i o n .  H o w ev er ,  t h e  e n e r g e t ­
i c a l l y  i n f e r i o r  G a u s s i a n  b a s i s  t r i a l  f u n c t i o n s  a r e  shown t o  
l e a d  t o  p r e d i c t i o n s  o f  e q u i l i b r i u m  i n t e r n u c l e a r  s e p a r a t i o n s  
i n  b e t t e r  a g r e e m e n t  w i t h  t h e  e x p e r i m e n t a l l y  d e t e r m i n e d  v a l u e  
o f  l.Ho au  t h a n  b o t h  o f  t h e  c o m p a r a b l e  wave f u n c t i o n s  i n  t h e  
o t h e r  two  b a s e s .
F i n a l l y ,  f o r c e s  c o m p u te d  w i t h  a  s e v e n  c o n f i g u r a t i o n  
*
wave f u n c t i o n  a r e  c o m p a r e d  t o  e x p e r i m e n t a l l y  d e t e r m i n e d  
v a l u e s  i n  o r d e r  t o  d e m o n s t r a t e  t h a t  OCE-WFfs h a v e  t h e  
c a p a b i l i t y ,  f o r  c e r t a i n  c e n t r o s y m m e t r i c  s y s t e m s ,  o f  p r e d i c t i n g  
i n t e r n u c l e a r  f o r c e s  a p p r o a c h i n g  t h e  e x p e r i m e n t a l  v a l u e s  i n  
a c c u r a c y ,  a t  l e a s t  i n  t h e  r e g i o n  o f  t h e  e q u i l i b r i u m  i n t e r ­




This t h e s i s  I s  concerned with  an in v e s t ig a t io n  o f  the  forces  
p re d ic te d  by the  Hellmann-Feynman e l e c t r o s t a t i c  theorem (HFET)^ when
one k ind  o f  approximate wave funct ion v i z .  a  one-cen te r  expansion wave
2 *3func t ion  (OCE-WF) , which does not co n ta in  a  s o -c a l l e d  ' f l o a t i n g '
v a r i a t i o n a l  parameter,  i s  used. The s in g l e  cen te r  approach has the
computational advantage t h a t  no m u l t i c e n te r  e l e c t ro n  r epu ls ion  molecular
i n t e g r a l s  need be eva lua ted  and hence, a l l  i n t e g r a l s  can be expressed
i n  c losed  a n a l y t i c a l  form.
The hydrogen molecule was chosen as the s im ples t  case o f
general  a p p l i c a b i l i t y ,  and a  m u l t iconf igura t ion  v a r i a t i o n a l  r a t h e r
than Hartree-Fock approach was taken i n  b u i ld in g  ip  the  wave func t ion
in  o rd e r  t o  a s c e r t a in  the  e f f e c t  o f  in t roduc ing  some e le c t ro n  c o r r e l a -
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t i o n .  Moreover, S tanton , and Kern and Karplus have a lready shown
t h a t  f u l l y  optimized wave funct ions such as the  Hartree-Fock s a t i s f y
the theorem.
Despite the  apparent  s im p l ic i ty  o f  the  d e r iv a t io n  o f  the
i  6 7g en era l ized  Hellmann-Feynman theorem (GHFT) ’ ’ , th e r e  has been some
g
confusion concerning i t s  v a l i d i t y  and consequences. I n  p a r t i c u l a r ,  
m is in te rp re ta t io n s  o f  the  condit ions  under which th e  GHFT reduces to
   9
the HFET f o r  approximate wave functions  have been common.
In  genera l ,  when an approximate in s tea d  o f  exact  wave funct ion  
i s  used t o  conpute i n t e rn u c le a r  fo rces  from the  HFET, the  r e s u l t s  are 
no longer  q u a n t i t a t i v e l y  o r  even q u a l i t a t i v e l y  r e l i a b l e .  Since the
1
2exact  wave func t ion  i s  not  known f o r  most systems of  chemical i n t e r e s t ,
i t  i s  o f  some importance t o  determine the  condi t ions  under which approx-
"5 in
imate wave funct ions  w i l l  s a t i s f y  the  theorem. Hurley and Hal l  have
sp ec i f i e d  genera l  condit ions  f o r  s a t i s f a c t i o n  o f  the  theorem when
approximate wave funct ions  a re  used. However, even though the  theorem
may be s a t i s f i e d  by c e r t a i n  types  o f  approximate wave func t ions ,  such
s a t i s f a c t i o n  does not imply t h a t  the  forces  so computed w i l l  agree
11q u a n t i t a t i v e l y  w i th  t h e  experimentally  determined exact forces  (or  
those  forces  which would have been p re d ic ted  by the  theorem had the  
exact wave func t ion  been known). Rather ,  i t  only allows one to  spec ify  
condi t ions  under which in t e rn u c le a r  forces  can be conputed with  confi­
dence from approximate wave funct ions  by means o f  the  computationally  
simple HFET in s te ad  o f  by the  more d i f f i c u l t  t a s k  o f  c a lc u la t in g  the  
s lope o f  the  t o t a l  energy curve. The f i n a l  c r i t e r i o n  f o r  the  "good­
ness"  o f  the  fo rces  ca lc u la te d  by e i t h e r  method must be ,  as  always, 
agreement w i th  experiment.
In  t h i s  t h e s i s ,  i n t e r n u c le a r  fo rce  curves for the  hydrogen 
molecule were cons truc ted  us ing  an OCE-WF both  by a p p l i c a t io n  o f  the  
HFET and by tak ing  the  s lope ( f i r s t  d e r iv a t iv e  o f  the t o t a l  energy 
with  r e sp ec t  t o  i n t e rn u c le a r  d is tance )  o f  the t o t a l  energy curve.
From a  coirparison o f  the  fo rces  conputed by each method with  each o th e r  
and an ana lys is  o f  the OCE-WF used, one may a s c e r t a i n  the  degree of  
r e l i a b i l i t y  o f  the  forces  p r ed ic te d  when one uses t h i s  type o f  wave 
func t ion  i n  the  HFET as compared t o  the  fo rces  conputed from the  
a l t e r n a t i v e  method o f  tak ing  the  s lope o f  the  t o t a l  energy curve.
The experimental force  curve i s  a l s o  presen ted  f o r  comparison.
3SECTION I I  
HISTORY
1. THE HELU4ANN-FEYNMAN THEOREM
The theorem was f i r s t  formulated by Hellmann^ and follcwed
s h o r t ly  t h e r e a f t e r  by an a l t e r n a t iv e  d e r iv a t io n  by Feynman.1 An a t t a c k
12on the  v a l i d i t y  o f  the  theorem was mounted by Coulson and Bel l  but
7
was subsequently r e fu t e d  in  a  paper  by Ber l in .
In v es t ig a t io n s  o f  some o f  the  types o f  approximate wave func-
'i
t io n s  which s a t i s f y  the  theorem have been ca r r i e d  out by Hurley ,
13 9RLrschfelder  and Coulson , and Coulson and Hurley . Such an an a ly s is
by Hurley has shown t h a t  in  o rde r  f o r  an approximate wave function 
to  s a t i s f y  the HFET i t  i s  necessary ,  when one uses the  v a r i a t io n a l  
approach t o  bu i ld ing  an approximate wave func t ion ,  t o  inc lude  a  v a r i a ­
t i o n a l  f l o a t i n g  parameter  i n  the  wave funct ion .  More r e c e n t ly ,  H a l l1^
has in troduced the  more general  concept o f  " s tab le"  wave funct ions 
14but Hurley has demonstrated the  equivalence o f  h i s  f lo a t i n g  wave 
func t ion  to  the  former.
Although the  OCE-WF used i n  the  t h e s i s  does not  conta in ,  as 
such, a  f lo a t in g  parameter  and hence cannot be expected t o  y i e ld  good 
forces  from the  HFET, i t  i s  t o  be expected t h a t  as the  wave funct ion  
becomes more f l e x ib l e  (more conf igura t ions  a re  added o r  a  b e t t e r  b a s i s  
s e t  i s  used) t h a t  the  force curve from the  theorem w i l l  approach t h a t  
obtained from the  s lope  o f  the  t o t a l  energy curve.
2. ONE-CENTER EXPANSION WAVE FUNCTIONS 
The s in g le  c e n t e r  o r  one-cen ter  expansion (OCE) method has long
b e e n  u s e d  a s  a  means  o f  c o n s t r u c t i n g  a p p r o x i m a t e  wave 
f u n c t i o n s  f o r  c e r t a i n  c e n t r o s y m m e t r i c  m o l e c u l e s .  The m ain  
r e a s o n  f o r  t h e  p o p u l a r i t y  o f  t h e  a p p r o a c h  l i e s  i n  i t s  compu­
t a t i o n a l l y  s i g n i f i c a n t  a d v a n t a g e  o f  a v o i d i n g  t h e  e v a l u a t i o n  
o f  t h e  d i f f i c u l t  m u l t i c e n t e r  e l e c t r o n  r e p u l s i o n  i n t e g r a l s .  
H ow ever ,  e a r l y  r e s u l t s  f o r  m o l e c u l e s  w ere  n o t  p r o m i s i n g  
and  t h e  m e th o d  was i n  d a n g e r  o f  b e i n g  a b a n d o n e d .  S i g n i f i c a n t
c o n t r i b u t i o n s  t o  t h e  r e s u r r e c t i o n  o f  t h e  OCE m e th o d  may be
2a t t r i b u t e d  t o  J o y  and  P a r r  who showed t h a t  t h e  i n i t a l l y  
d i s c o u r a g i n g  r e s u l t s  o b t a i n e d  by some i n v e s t i g a t o r s  w e re  
due  t o  an  i n a p p r o p r i a t e  c h o i c e  o f  b a s i s  f u n c t i o n s  r a t h e r
17t h a n  a n y  i n h e r e n t  f a u l t  o f  t h e  m e t h o d .  F u r t h e r m o r e ,  M occ ia  
a p p l i e d  t h e  m e th o d  o f  t h e  s e l f - c o n s i s t e n t  f i e l d  (SCF) t o  
o b t a i n  s t a r t l i n g l y  good  r e s u l t s  f o r  a  s i n g l e  c e n t e r  wave 
f u n c t i o n .  The t h e s i s  f o l l o w s  t h e  v a r i a t i o n a l  a p p r o a c h  
u s e d  by  t h e  f o r m e r  a u t h o r s  w i t h  t h e  i n c i d e n t a l  i n n o v a t i o n
i so f  t h e  q u i t e  f l e x i b l e  b a s i s  f u n c t i o n s  o f  C a r r i e r  and  P i l a r .  
C o m p a r i s o n s  w e re  made w i t h  r e s u l t s  o b t a i n e d  f rom  wave f u n c t i o n s  
c o n s t r u c t e d  f ro m  S l a t e r  t y p e  f u n c t i o n s  ( S T F ' s )  a n d  G a u s s i a n  
t y p e  f u n c t i o n s  (G T F 's )  i n  o r d e r  t o  d e t e r m i n e  an y  a d v a n t a g e  
w h ic h  m i g h t  b e  g a i n e d  b y  a  c h a n g e  i n  b a s i s .
S i n c e  i t  i s  n o t  t h e  p u r p o s e  o f  t h i s  t h e s i s  t o  p r o v i d e  
y e t  a n o t h e r  h y d r o g e n  m o l e c u l e  wave f u n c t i o n  f o r  t h e  l i t e r a ­
t u r e ,  b u t  r a t h e r  t o  t e s t  t h e  e f f i c a c y  o f  s u c h  OCE-WF’ s f o r  
c o m p u t i n g  i n t e r n u c l e a r  f o r c e s  t h r o u g h  t h e  HFET, t h e  r e a d e r  
w i l l  b e  r e f e r r e d  t o  t h e  v e r y  r e c e n t  r e v i e w s  a n d  c o m p r e h e n ­
s i v e  b i b l i o g r a p h i e s  on OCE-WF's g i v e n  by  J o s h i ^ ® ,  B i s h o p ^ ,
20a n d  Hayes  a n d  P a r r .
5SECTION III
METHOD
1 .  THE WAVE FUNCTION
The wave f u n c t i o n s  c o n s i d e r e d  i n  t h i s  t h e s i s  a r e  o f
t h e  m u l t i c o n f i g u r a t i o n a l  t y p e  s i m i l a r  t o  t h o s e  e m p lo y e d  by 
2J o y  and  P a r r .  Each  wave f u n c t i o n  i s  e x p r e s s e d  a s  a  l i n e a r  
c o m b i n a t i o n  o f  s p l i t  s h e l l  c o n f i g u r a t i o n s ,  v i z .
( 1- 1 )HI = E  Ci
■ + 1
F o r  t h e  £ g r o u n d  s t a t e  o f  t h e  h y d r o g e n  m o l e c u l e ,  e a c h
s p l i t  s h e l l  c o n f i g u r a t i o n  i s  com posed  o f  a  l i n e a r  c o m b i n a t i o n  
o f  two S l a t e r  d e t e r m i n a n t s  o f  t h e  fo rm
X i , « > ( 1 - 2 )
N i s  t h e  c o n f i g u r a t i o n  n o r m a l i z a t i o n  c o n s t a n t  g i v e n  by
' V* ( 1 - 3 )
and  t h e  y  a r e  t h e  b a s i s  f u n c t i o n s  u s e d  t o  c o n s t r u c t  t h e  wave 
I
f u n c t i o n .  The s u b s c r i p t s  Hi H2 on x r e f e r  t o  t h e  b a s i s  
f u n c t i o n s  o f  a n g u l a r  q u a n tu m  num ber  Hi and  H2 r e s p e c t i v e l y ,  
w h i l e  t h e  num bers  I n  p a r e n t h e s e s  d e n o t e  s p e c i f i c  e l e c t r o n  
c o o r d i n a t e s .  A b se n c e  o r  p r e s e n c e  o f  a  b a r  o v e r  x i n d i c a t e s  
a  o r  S s p i n  f u n c t i o n s ,  r e s p e c t i v e l y .  S p l i t  s h e l l  c o n f i g u r a ­
t i o n s  w e re  u s e d  r a t h e r  t h a n  t h e  a l t e r n a t i v e  c l o s e d  s h e l l  
( s i n g l e  d e t e r m i n a n t )  c o n f i g u r a t i o n s  i n  o r d e r  t o  u t i l i z e
6more v a r i a t i o n a l  p a r a m e t e r s  an d  h e n c e , I n t r o d u c e  more f l e x ­
i b i l i t y  i n t o  t h e  wave f u n c t i o n .  One c a n  r e a d i l y  show,  
h o w e v e r ,  t h a t  t h e  f o r m e r  r e d u c e s  t o  t h e  l a t t e r  i f  t h e  v a r i a ­
t i o n a l  p a r a m e t e r s  o f  x ^  an d  a r e  e q u a l .
The b a s i s  s e t  e m p lo y e d  i n  t h e  p r e s e n t  c a l c u l a t i o n s
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i s  due t o  C a r r i e r  an d  P i l a r .  ^ T h e se  g e n e r a l i z e d  e x p o n e n t i a l
t y p e  f u n c t i o n s  (G E T F 's )  h a v e  t h e  fo rm
yt>m «>>*)
w h e re  n^  i s  t h e  p r i n c i p a l  q u a n tu m  num ber  ( i n  t h i s  c a s e  a  
v a r i a t i o n a l  p a r a m e t e r  a n d ,  i n  g e n e r a l ,  n o n - i n t e g r a l ) ,  
i s  t h e  o r b i t a l  e x p o n e n t  v a r i a t i o n a l  p a r a m e t e r  an d  p i s  t h e  
e x p o n e n t i a l  pow er  p a r a m e t e r .  i s  t h e  r a d i a l
n o r m a l i z a t i o n  c o n s t a n t  o f  t h e  fo rm
p
r | > * , + o / p ]
'/a
( 1 - 5 )
Y„ (0,<J>) i s  t h e  u s u a l  n o r m a l i z e d  s p h e r i c a l  h a r m o n i c .  One ,m
c a n  i m m e d i a t e l y  s e e  t h a t  when p = 1 and  p = 2 t h e  GETF’ s r e ­
d u c e  t o  t h e  f a m i l i a r  S l a t e r  t y p e  f u n c t i o n s  ( S T F ' s )  and 
G a u s s i a n  t y p e  f u n c t i o n s  ( G T F ' s ) ,  r e s p e c t i v e l y .
A v a r i a t i o n a l  s o l u t i o n  t o  t h e  t i m e - i n d e p e n d e n t
ff
S c h r o d i n g e r  wave e q u a t i o n
=  E m  ( 1 _ 6 )
i s  o b t a i n e d  by m i n i m i z a t i o n  o f  t h e  e x p e c t a t i o n  v a l u e  o f  t h e
7H a m i l t o n i a n  o p e r a t o r  w i t h  r e s p e c t  t o  a l l  o f  t h e  v a r i a t i o n a l
Where H i s  t h e  s y s t e m  H a m i l t o n i a n  and  <H_ > i s  i t s  op °P
e x p e c t a t i o n  v a l u e ,  t h e  t o t a l  e n e r g y  o f  t h e  s y s t e m .  Here  
r e p r e s e n t s  an y  o f  t h e  v a r i a t i o n a l  p a r a m e t e r  C^,  n ^ , a ^ , p .  
I f  o n e  w i s h e s  t o  f i n d  t h e  o p t i m a l  i n t e r n u c l e a r  
s e p a r a t i o n  f o r  t h e  t r i a l  wave f u n c t i o n  e m p lo y e d ,  t h e n  t h e  
i n t e r n u c l e a r  d i s t a n c e  a l s o  becom es  a  v a r i a t i o n a l  p a r a m e t e r
S o l u t i o n  o f  t h e  l i n e a r  v a r i a t i o n a l  e q u a t i o n s  
( i . e .  when u^  = C^) l e a d s  t o  t h e  u s u a l  m a t r i x *  e i g e n v a l u e
p a r a m e t e r s ,  u ^ ,  i n  t h e  t r i a l  wave f u n c t i o n . T h a t  i s ,
0 ( l - 7 a )
0
( l - 7 b )
I n  t h e  a b o v e  e q u a t i o n s
( 1- 8 )
a n d  i t  i s  a s su m e d  t h a t  ^ i s  n o r m a l i z e d ,  v i z .
t
( 1 - 9 )
p r o b le m 21
( H -  E j  A  ) &  =  0
( 1 - 1 0 )
* M a t r i c e s  a r e  d e n o t e d  h e r e i n  by  t h e  p r e s e n c e  o f  — b e lo w  
u p p e r  c a s e  a l p h a b e t i c a l  s y m b o l s ,  f o r  e x a m p l e ,  A.
f ro m  w h i c h  a r i s e s  t h e  s e c u l a r  d e t e r m i n a n t
=  o
(1-11)
The m a t r i x  e l e m e n t s  b e t w e e n  c o n f i g u r a t i o n s  4 ^ ,  
o f  t h e  H a m i l t o n i a n  an d  u n i t  o p e r a t o r s  a r e  d e n o t e d  by 
and  9 r e s p e c t i v e l y ,  and  h a v e  t h e  fo rm
H" =  < & k l< f > ,>
A a  =  < $ |  <f>)
( l - 1 2 a )
( l - 1 2 b )
w h e re  t h e  c o n f i g u r a t i o n s  a r e  n o r m a l i z e d  t o  u n i t y  ( b u t  n o t  
n e c e s s a r i l y  o r t h o g o n a l ) .
r e p r e s e n t s  t h e  s e t  o f  e i g e n v a l u e s  w h i c h  come f ro m  s o l u t i o n  
o f  t h e  s e c u l a r  d e t e r m i n a n t  ( 1 - 1 1 ) ;  t h e  l o w e s t  e i g e n v a l u e  
c o r r e s p o n d s  t o  t h e  d e s i r e d  g r o u n d  s t a t e  t o t a l  e n e r g y .
A much m ore  d i f f i c u l t  p r o b le m  i s  t h a t  o f  o p t i m i z i n g  
t h e  n o n - l i n e a r  p a r a m e t e r s  ( n ^ ,  a ^ ,  p )  and  much e f f o r t  h a s
b e e n  e x p e n d e d  t o  d e t e r m i n e  t h e  m o s t  e f f i c i e n t  m e th o d  o f
t h e  c o m p u t e r  p r o g r a m s  and  f l o w  c h a r t s  i s  g i v e n  i n  A p p e n d ix  3* 
The c o o r d i n a t e  s y s t e m  was s e t  up  a s  shown i n  
F i g u r e  1 w i t h  t h e  o r i g i n  t a k e n  a t  t h e  m o l e c u l a r  m i d p o i n t .
F o r  t h e  h y d r o g e n  m o l e c u l e  t h e  e x a c t  n o n - r e l a t i v i s t i c
/
( 1 - 1 3 )
22o p t i m i z a t i o n .  The p a t t e r n  s e a r c h  t e c h n i q u e  o f  Hook and  
23J e e v e s  J was t h e  m e th o d  e m p lo y e d  h e r e i n .  A d e s c r i p t i o n  o f




Figure  1 
The Coordinate System
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Hop =  -  *  V * -  w ,* -  ( Vr„ + + '/»•« + 1/ff
Cl- lM )
Z 2
w h e re  Vj and  V2 a r e  t h e  k i n e t i c  e n e r g y  o p e r a t o r s  f o r  e l e c t r o n s
1 and  2 :  r , . ,  r  , r nA, r * „  a r e  t h e  d i s t a n c e s  f ro m  e l e c t r o n s  1A i b  2A 2B
1 and  2 an d  n u c l e i  A an d  B,  r e s p e c t i v e l y ;  r ^  i s  "the i n t e r -  
e l e c t r o n i c  d i s t a n c e  a n d  R i s  t h e  i n t e r n u c l e a r  d i s t a n c e .
E x p a n s i o n  o f  t h e  g e n e r a l  m a t r i x  e l e m e n t s  and  
A. . a f t e r  a p p l i c a t i o n  o f  t h e  a p p r o p r i a t e  o p e r a t o r  l e a d s  t o
cJ
e x p r e s s i o n s  composed o f  f o u r  t y p e s  o f  i n t e g r a l s  o v e r  t h e  
b a s i s  f u n c t i o n s  ( 1 - 4  ) .
H u  - 0+  * * ) •  C/*  ^ ) ' ,/a[*V i  ( T ^ t  ,3)
+  '*x»ts(T£i&++Ve,f+) -h ( 1 - 1 5 )
+  3*,-** ty &+ -t- +  ( St,Za $£* JL++ SjtAS9 ) / ff]
A i i  -  jO
A p p e n d ix  1 g i v e s  i n  d e t a i l  t h e  m e th o d  f o r  e x p a n d i n g  m a t r i x  
e l e m e n t s  b e t w e e n  n o n - o r t h o g o n a l  c o n f i g u r a t i o n s  i n  t e r m s  o f  
t h e  b a s i s  f u n c t i o n s .
The b a s i c  i n t e g r a l s  a r e  
O v e r l a p  i n t e g r a l s :  ( 1 - 1 7 )
K i n e t i c  e n e r g y  I n t e g r a l s :  ( 1 - 1 8 )
V .  =J  x *.u) ^
N u c l e a r - e l e c t r o n  a t t r a c t i o n  i n t e g r a l s :




w h e re  N r e p r e s e n t s  e i t h e r  n u c l e u s  A o r  B 
E l e c t r o n - e l e c t r o n  r e p u l s i o n  i n t e g r a l s :
“  f  Xjf 0 )  A]» fa) —  X g  ( f) X  (a) d/jr A/vz
(1-2 0)
K*.****** =  f  * /< i)  Pit* fa) A* f») A , (a) V ,  V *  (1-21)
J  * ?a ^ 3
The b a s i c  i n t e g r a l s  o f  E q s .  ( 1 - 1 7 )  -  ( 1 - 2 1 )  w ere  
e v a l u a t e d  i n  t e r m s  o f  a  num ber  o f  a u x i l i a r y  f u n c t i o n s  s u c h  
a s  t h e  gamma f u n c t i o n , i n c o m p l e t e  gamma f u n c t i o n  an d  t h e  
i n c o m p l e t e  b e t a  f u n c t i o n .  T h u s ,  t h e  o v e r l a p  i n t e g r a l  i s  
w r i t t e n :
St j  — Arfotn **., •> p) i
(1- 22)
w here  6 , 6 0 „ a r e  K r o n e c k e r  d e l t a s  and  r [ ( n „  + n + l ) / p ]
 ^  ^ o h 1 2
i s  t h e  gamma f u n c t i o n  d e f i n e d  by
r u )  =  j e r W " '  i t
o
The k i n e t i c  e n e r g y  i n t e g r a l  i s :
\ j x =  "a <$*,«>* r W [ ^ + « * . ) * ]
• [»** (w«a- 0 -  *, '  < * - * * & )
+  °£ , (».*, + ” **-'!+  p ) (»*,■* *lra - ' ) / (* 4 , •t'<*jla f  ] ( 1 - 2 4 )
w here  h e r e  x = (n ^  + n^  - l ) / p  an d  i t  i s  r e q u i r e d  t h a t  t h e
1 2
p r i n c i p a l  q u an tum  n u m b e rs  be  s u c h  t h a t  (n  + n 0 )> 1 .
S-i 2
The n u c l e a r - e l e c t r o n  a t t r a c t i o n  i n t e g r a l  h a s  t h e
fo rm :
12
* • /* * .
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r Z  r h * * )
P(<*Jt,+*SA)b ( 1 - 2 5 )
Where I n  ( 1 - 2 5 )  i s  t h e  d i s t a n c e  f rom  t h e  o r i g i n  o f  t h e
c o o r d i n a t e  s y s t e m  (C) t o  n u c l e u s  N ( i . e .  e i t h e r  A o r  B ) ,
Yi i i (©«„,;>‘I* „ ) I s  a g e o m e t r i c a l  s p h e r i c a l  h a r m o n ic  w h ich  * j | m |  CN CN
d e p e n d s  u p o n  t h e  a n g u l a r  c o o r d i n a t e s  o f  n u c l e u s  N. y ( a , x )  
and  r ( b , x )  a r e  t h e  s m a l l  and  l a r g e  i n c o m p l e t e  gamma f u n c t i o n s  
r e s p e c t i v e l y ,  d e f i n e d  b y :
r*
7 M =  J  <?“* * * " ' d *  ( 1 - 2 6 )
|> ,x )e  J  c -*  d it-
d - 2 7 )
C (I jm2 , Jt2m2 ) i s  t h e  i n t e g r a l  o v e r  a  p r o d u c t  o f  t h r e e
p
s p h e r i c a l  h a r m o n i c s  g i v e n  by Condon an d  S h o r t l e y  and
x = K + ^ ) i ? ef« 
a = (nJr( + 'u a+ 4 * 0 /p  
b = (*j t+h^-&)/p
( l - 2 8 a )
( l - 2 8 b )
( l - 2 8 c )
13
The r e p u l s i o n  I n t e g r a l s  a r e  g i v e n  b y :
(1
I rkifVt) I,..m rtu)rwL(r,ij i
\ p3 (< * * , +  • ( * , ) * ( * - « * * * * $  P * ( « ji, +  otJts ) Ar( ^ » + o t j t J u
h e r e
? - (ftjr.+ r t ^ - A  )/P ( l - 3 0 a )  t =  (hiA+*jtJ-A+l)/P (1
Us .  ( l - 3 0 c )  fir-( r i ^ + r i f e + A + O /p  ( 1
a  *  ( i
27The i n c o m p l e t e  b e t a  f u n c t i o n  i s  d e f i n e d :
0 - t ) f  j t
( i
and  t h e  c o m p l e t e  b e t a  f u n c t i o n  i s  g i v e n  by
i
B, = j  * t
o
r »  r
r f a n )
Cl
- 2 9 )
- 3 0 b )
- 3 0 d )
- 3 0 e )
- 3 1 )
- 3 2 )
A l s o
I M h > r )  = 1 -  I ' l r r i ) (1-33)
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S i m i l a r l y ,  t h e  e x p r e s s i o n  f o r  t h e  r e p u l s i o n  i n t e g r a l  
5, may be w r -^t "l:en down s im p ly  by i n t e r c h a n g i n g  th e
1 2 3 »♦
a.3 w ith  t h e  A  ^ p a r a m e te r s  i n  ( 1 - 2 9 ) .
A p p en d ix  2 g iv e s  d e t a i l e d  p r o c e d u r e s  f o r  o b t a i n i n g  
t h e  ab o v e  i n t e g r a l  e x p r e s s i o n s .
2 . FORCES
The f o r c e  on any  n u c l e u s ,  N, i n  a m o le c u le  i s  d e f in e d  
a s  t h e  n e g a t i v e  g r a d i e n t  o f  t h e  t o t a l  e n e rg y  w i th  r e s p e c t  
t o  some n u c l e a r  c o o r d i n a t e ( s ) c o n ta in e d  i n  t h e  H a m il to n ia n  
o f  t h e  s y s te m . F o r  a  d ia to m ic  m o le c u le  one may c h o o se  
t o  u s e  t h e  i n t e r n u c l e a r  d i s t a n c e ,  R , s i n c e  t h i s  a u t o m a t i c a l l y  
f i x e s  t h e  n u c l e a r  p o s i t i o n s  w i th  r e s p e c t  t o  e a c h  o t h e r .
T h e n ,
F N(R) = -9 E (R )/3 R  ( 2 - 1 )
w h ere  E (R ) ,  t h e  t o t a l  e n e r g y ,  i s  a  f u n c t i o n  o f  t h e  i n t e r ­
n u c l e a r  d i s t a n c e ,  R. S in c e  E (R ) c o r r e s p o n d s  t o  th e  e x p e c t a ­
t i o n  v a lu e  o f  t h e  H a m i l to n i a n ,  we h a v e  ( n e g l e c t i n g  t h e  
n e g a t i v e  s ig n  f o r  t h e  m om ent)
■» £(*>/»#  =  P
( 2- 2 )
= <VJ/
+  < y
By t h e  h e r m i t i a n  n a t u r e  o f  H and  u s e  o f  t h e  t u r n o v e r  
21r u l e
°p
F o r  th e  e x a c t  s t a t i o n a r y  s t a t e  e i g e n f u n c t i o n  o f  H0p ,  ( 1 -6 )
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a p p l i e s ,  so  t h a t  t h e  l a s t  tw o te rm s  i n  ( 2 - 2 )  c a n c e l  s i n c e  
t h e i r  sum i s
( 2 - H)
w h ere  ¥ i s  assu m ed  t o  be n o r m a l iz e d .  One h a s  th e n  a r r i v e d  
a t  a  s t a t e m e n t  o f  t h e  g e n e r a l i z e d  H ellm an n -F ey n m an  th e o re m  
(G H FT).
3 < 0 / d *  =  ( a H . p / s R )  =  |v j/>  ( 2 - 5 )
I n  th e  ab o v e  d e r i v a t i o n  t h e  t a c i t  a s s u m p t io n  h a s  b e e n  made 
t h a t  n u c l e a r  and  e l e c t r o n i c  m o tio n s  a r e  e s s e n t i a l l y  in d e p e n ­
d e n t  o f  e a c h  o t h e r ;  t h i s  i s  known a s  t h e  B o rn -O p p e n h e lm e r
. . .  2 8 ,2 9a p p r o x im a t io n .  ’
S in c e  t h e  H a m il to n ia n  o p e r a t o r  may be p a r t i t i o n e d
i n t o  k i n e t i c  a n d  p o t e n t i a l  e n e rg y  p a r t s ,  r e s p e c t i v e l y ,
H = T + V ( 2 - 6 )op op op
th e n  i f
T t T (R) ( 2 - 7 )op op
t h a t  i s ,  i f  T i s  in d e p e n d e n t  o f  R , i t  f o l lo w s  t h a t  
o p
3E(/?)/3R = <»V„P/3ff> = (2-8)
w h ic h  i s  a  s ta t e m e n t  o f  t h e  H ellm an n -F ey n m an  e l e c t r o s t a t i c
th e o re m  (H FET).
16
9H ow ever, C o u lso n  an d  H u r le y  h a v e  p o i n t e d  o u t
t h a t  f o r  a p p ro x im a te  w ave f u n c t i o n s  c o n d i t i o n  ( 2 - 7 )  d e p e n d s
up o n  t h e  c o o r d i n a t e  s y s te m  em p lo y ed  t o  c o n s t r u c t  t h e  w ave
f u n c t i o n  an d  t o  e x p r e s s  t h e  H a m i l to n ia n .  I n d e e d ,  s p h e r o i d a l
c o o r d i n a t e s ,  u s e d  i n  many tw o c e n t e r  c o m p u ta t io n s ,  a r e  one
su c h  ex am p le  o f  a c o o r d i n a t e  s y s te m  w h ic h  l e a d s  t o  an
R -d e p e n d e n t k i n e t i c  e n e rg y  o p e r a t o r ,  T ( R ) . The s p h e r i c a lop
p o l a r  c o o r d i n a t e  s y s te m  f i x e d  i n  sp ace^O  em p lo y ed  th r o u g h o u t  
t h i s  t h e s i s  s a t i f i e s  r e q u i r e m e n t  ( 2 - 7 )  an d  h e n c e ,  ( 2 - 8 )  
c o u ld  be u s e d  t o  co m p u te  f o r c e s  r a t h e r  t h a n  ( 2 - 5 ) .  The 
d e r i v a t i o n  o f  t h e  th e o re m  ( 2 - 8 )  g iv e n  ab o v e  h o ld s  o n ly  f o r  
t h e  e x a c t  e i g e n f u n c t i o n  o f  Ho p * A d d i t i o n a l  s p e c i f i c a t i o n s  
m ust be s e t  down i f  one d e s i r e s  t o  co m p u te  f o r c e s  from  
( 2 - 8 )  w i th  t h e  u s e  o f  a p p r o x im a te  wave f u n c t i o n s .
■3
F o l lo w in g  H u r le y ,  c o n s id e r  t h e  c a s e  o f  an  a p p ro x im a te
wave f u n c t i o n  f o r  a  d i a to m ic  m o le c u le
¥= ¥ (u  ) ( r  = 1 , 2 , 3  . . . n )  ( 2 - 9 )r
w h ere  u = u  (R) ( 2 -1 0 )r  r
t h a t  i s ,  ¥ i s  s p e c i f i e d  by some s e t  o f  p a r a m e t e r s ,  u ^ ,
w h ich  th e m s e lv e s  d e p e n d  upon  R. In  t h e  p r e s e n t  c a s e  o f  a
v a r i a t i o n a l  t r i a l  w ave f u n c t i o n ,  t h e  u ^  c o r r e s p o n d  t o  t h e
C , n , a  and  p o f  t h e  l i m i t e d  b a s i s  s e t  u s e d  to  c o n s t r u c t  1 & £»
t h e  d e s i r e d  a p p r o x im a t io n .
The l n t e r n u c l e a r  f o r c e s  co m p u ted  by t h e  u s e  o f  su c h  
a  wave f u n c t i o n  a r e  g iv e n  by ( n e g l e c t i n g  t h e  n e g a t i v e  s ig n )
JE/J# =(»e/9R)w  + E (,E/su")#|(Uji ( du'7JR) t2-11)
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w h ere  r  ^  s an d  d e n o te s  t h e  ( f i n i t e )  s u b s e t  o f
p a r a m e t e r s ,  u , i n  t h e  b a s i s  m ak in g  up t h e  wave f u n c t i o n ,  r
At o p t i m i z a t i o n  t h e  su m m atio n  te rm  I n  ( 2 - 1 1 )  d ro p s  o u t
s in c e  by d e f i n i t i o n  o f  v a r i a t i o n a l  o p t i m i z a t i o n
=  0  ( 2 - 1 2 )
f o r  a l l  u i n  t h e  t r i a l  wave f u n c t i o n .  I n  l i e u  o f  c o n d i t i o n  r
( 2 - 1 2 ) ,  t h e  su m m atio n  te rm  may becom e z e r o  i f  t h e  p a r a m e te r s
a r e  made in d e p e n d e n t  o f  R , t h a t  I s  i f
du /dR  = 0 ( 2 -1 3 )
r
I t  i s  n o t  c l e a r  how t h i s  c o n d i t i o n  ( 2 - 1 3 )  m ig h t b e  a c c o m p l is h e d ,
i f  a t  a l l ,  f o r  a  t r i a l  wave f u n c t i o n  com posed  o f  a  f i n i t e
num ber o f  p a r a m e t e r s .  F o r  t h e  e x a c t  wave f u n c t i o n ,  o f  c o u r s e ,  
t h e  q u a n t i t i e s  u ^  a r e  no l o n g e r  d e p e n d e n t  upon  R s in c e  th e  
e x a c t  wave f u n c t i o n  may be e x p a n d e d  I n  a  c o m p le te  s e t  o f  
b a s i s  f u n c t i o n s .  ( R e c a l l  fro m  t h e  e x a c t  s o l u t i o n  o f  th e  
h y d ro g e n  a to m , f o r  e x a m p le ,  t h a t  n i s  t h e  p r i n c i p a l  quan tum  
num ber o f  t h e  c o m p le te  s e t  o f  H - l lk e  f u n c t i o n s  an d  a c o n s t a n t . )  
H o w ev er, we s h a l l  assum e o p t i m i z a t i o n  o f  t h e  a p p ro x im a te  w ave 
f u n c t i o n  an d  h e n c e  we n e e d  n o t  be  c o n c e rn e d  f u r t h e r  w ith  
( 2 - 1 3 ) .  A ssum ing  o p t i m i z a t i o n ,  t h e  e x p r e s s i o n  f o r  c o m p u ta t io n  
o f  f o r c e s  becom es
J E / d f t  =  ( s £ H f u r (  =  K / 3 » ) f i n  +  |a V /3 « )f u r j  ( 2 - 1 4 )
w here  we h a v e  made u s e  o f  t h e  f a c t  t h a t  t h e  t o t a l  e n e rg y  
I s  t h e  sum o f  t h e  k i n e t i c  an d  p o t e n t i a l  e n e r g i e s .
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E x te n s io n  o f  t h e  ab o v e  e q u a t i o n s  t o  p o ly a to m ic  
m o le c u le s  may e a s i l y  be made by t a k i n g  t h e  p a r t i a l ( s )  w ith  
r e s p e c t  t o  t h e  d e s i r e d  n u c l e a r  c o o r d i n a t e ( s ) w h i le  h o ld in g  
o t h e r  n u c l e a r  p o s i t i o n s  f i x e d .  By so  d o in g  t h e  t o t a l  
d i f f e r e n t i a l  on  t h e  l e f t  h an d  s id e  o f  ( 2 -1 4 )  becom es 
e q u i v a l e n t  t o  t h e  p a r t l a l ( s )  on th e  r i g h t  h an d  s i d e .
C o n t in u in g ,  e a c h  te r m  i n  ( 2 - 1 4 )  may be w r i t t e n
(,T/»RW }  = (3 <X->H K »*} (2_15}
= < 3 'i , 7 j f t | T . , i ' r " > + < \ r  | s y » R | ' r * >
+ < ' n x > ' 0 « >
= <s^ 7 s r | v » i ' i O + < ' r | j v . , / ^ i r ,>
+ < y " |v .,|a y »
d e n o te s  t h e  wave f u n c t i o n  com posed  o f  t h e  v a r i a t i o n a l l y  
d e te r m in e d  optim um  p a r a m e t e r s ,  u ° p ^ .
A ssum ing  t h a t  t h e  c o o r d i n a t e  s y s te m  i s  c h o s e n  s u c h  
t h a t  ( 2 - 7 )  i s  f u l f i l l e d ,  t h e n  t h e  m id d le  te rm  o f  ( 2 -1 5 )  
d ro p s  o u t .  F u r th e r m o r e ,  i n  o r d e r  t h a t  ( 2 -1 4 )  r e d u c e  t o  ( 2 - 8 ) ,  
a  s t a t e m e n t  o f  t h e  HFET, i t  i s  n e c e s s a r y  t h a t
a f o p t /9 R  = 0 (2 -1 7 )
t h a t  i s ,  t h e  p a r a m e t r i c a l l y  o p t im iz e d  t r i a l  wave f u n c t i o n
7
m ust e x h i b i t  no  e x p l i c i t  R -d e p e n d e n c e . B e r l i n  h a s  shown 
t h a t ,  f o r  th e  c a s e  o f  t h e  e x a c t  wave f u n c t i o n ,  t h e  p o t e n t i a l
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e n e rg y  a n d  k i n e t i c  e n e rg y  c o n t r i b u t i o n s  t o  t h e  8 'i'/3R  te r m s  
o f  ( 2 -1 5 )  and  ( 2 -1 6 )  c a n c e l .  Such c a n c e l l a t i o n  d o e s  n o t  
g e n e r a l l y  o c c u r  f o r  a p p ro x im a te  wave f u n c t i o n s  an d  th e  
3'P/3R te rm s  m ust be e l i m i n a t e d  by r e q u i r e m e n t  ( 2 - 1 7 ) .
i n t o  ( 2 —1 4 ) one o b t a i n s  ( w i th  i n s e r t i o n  o f  t h e  n e g a t i v e  
s ig n s )
w h ich  i s  a  s t a t e m e n t  o f  t h e  HFET f o r  a  v a r i a t i o n a l l y  
o p t im iz e d  wave f u n c t i o n  e x p l i c i t l y  in d e p e n d e n t  o f  t h e  
i n t e r n u c l e a r  d i s t a n c e ,  R. I n  g e n e r a l  ( 2 -1 7 )  d o es  n o t  h o ld  
f o r  a p p ro x im a te  wave f u n c t i o n s  and  i t  i s  t h i s  f a i l u r e  t o  
m eet su c h  a  c o n d i t i o n  w h ic h  n e g a t e s  t h e  HFET f o r  s u c h  wave 
f u n c t i o n s .
v a lu e s  o f  t h e  i n t e r n u c l e a r  d i s t a n c e  by t h e  u s e  o f  a  num ber 
o f  OCE t r i a l  w ave f u n c t i o n s .
o f  R so  t h a t  t h e  f o r c e  on n u c le u s  N ( e i t h e r  A o r  B) a lo n g  
t h e  I n t e r n u c l e a r  a x i s  i s
A ssum ing  ( 2 -1 7 )  an d  s u b s t i t u t i n g  ( 2 -1 5 )  a n d ( 2 - l 6 )
=  -[ae/dR]
( 2- 1 8 )
F o r c e s  w ere  co m p u ted  from  ( 2 -1 8 )  f o r  v a r i o u s
F o r  th e  h y d ro g e n  m o le c u le
Vop "  - ( 1 / r lA + -  ( 1 / r 2A + 1/r2is'> * 1/rl2 + 1 /R
( 2 -1 9 )
H o w ev er, t h e  tw o e l e c t r o n  o p e r a t o r ,  l / r ^ *  I s I n d e p e n d e n t
+  I ' l O
( 2- 2 0 )
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N o tin g  t h a t  t h e  R -d e p e n d e n t  p a r t  o f  VQp i s  e s s e n t i a l l y  a 
o n e - e l e c t r o n  o p e r a t o r ,  one may i n t e g r a t e  o u t  t h e  c o o r d i n a t e s  
o f  a l l  e l e c t r o n s ,  s a v e  o n e ,  t o  o b t a i n  t h e  q u an tu m  m e c h a n ic a l  
c h a r g e  d e n s i t y
a
P  = £  R , ( 2 - 2 1 )
w h ere  t h e  su m m atio n  i s  o v e r  e l e c t r o n  c o o r d i n a t e s ,  y ,  and
f t  <2- 22>
w h ere  y = 1 o r  2 .
F o r  a  m u l t i c o n f i g u r a t i o n  w ave f u n c t i o n
Q  =  Y, P a  <2 - 2 3>
w h ere  t h e  m a t r ix  e le m e n ts  o v e r  c o n f i g u r a t i o n s ,  > a r e  
g iv e n  by
R j  -  (2 -2 * 0
I f  t h e  c o n f i g u r a t i o n s  an d  w ere  o r th o n o r m a l ,  w o u ld  
r e d u c e  t o  a  sum o f  t h e  d i a g o n a l  e le m e n ts  ( t h e  t r a c e ) ,
H o w ev er, t h e  b a s i s  ( l - * 0  i s  n o t  o r th o g o n a l  a n d  h e n c e ,  n e i t h e r
a r e  t h e  c o n f i g u r a t i o n s  so t h a t  t h e  g e n e r a l  m a t r i x  e l e m e n t ,  
p ^ j , e x p a n d e d  i n  te rm s  o f  t h e  b a s i s  f u n c t i o n s  i s  g iv e n  by
• [ S .*  x#> X',0) + * *  xx(o xt,<» (2_25 j
+ stitr x,.<ox, w +
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The HFET th e n  beco m es
( 2 - 2 7 )
f h« t ( *) =  V R i +  J p M '/ C a *  V r J / a f f ]  Jrtri (2 _ 2 6 )
S u b s t i t u t i o n  o f  e q u a t i o n s  ( 2 - 2 1 )  th r o u g h  ( 2 - 2 5 )  i n t o  ( 2 - 2 6 )  
an d  i n t e g r a t i o n  o v e r  c o o r d i n a t e s  dv.^ l e a d s  t o
=  I/ ft* + Y  Pii
w h ere  i n  an  o b v io u s  n o t a t i o n
F a  =  c*Cj (.1+
a n d  t h e  f o r c e  i n t e g r a l s  o v e r  b a s i s  f u n c t i o n s  a r e  g iv e n  by
1
Z  C k U ltnl t J l ^ ) [ i J ( p R ) ]  ( 2  2 9 )*
j  y ( o >  *) ^  ^  r*(b> yj




a  = ( h * ,+ r>*a+ A * '0 /P
b = (*tt+
E q u a t io n  ( 2 - 2 9 )  may b e  d e r i v e d  by d i f f e r e n t i a t i n g  ( 1 - 2 5 )
w i th  r e s p e c t  t o  R.
F o r  p u r p o s e s  o f  c o m p a r is o n ,  f o r c e s  w ere  a l s o
31c o m p u ted  fro m  t h e  s lo p e  o f  t h e  t o t a l  e n e r g y  c u r v e .
N ( 2 - 3 0 )  
F s l o p e (R ) = _ a E / 3R = (2T  + V )/R
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o r  s i n c e  E = T + V
p ! i o P e ( R )  =  < T  +  e ) / r  ( 2 - 3 i )
The e x p e r i m e n t a l  f o r c e  c u rv e  w as co m p u ted  by  d i f f e r e n -
11t l a t i o n  o f  t h e  H u l b u r t - H i r s c h f e l d e r  p o t e n t i a l  f u n c t i o n .
^ r e r  W  = “ [£>/a t U / ( ^ 8 fta R*]] [ b c o e 7 « a0]|:itfx p (-x )[i--ex P (-x )]  
+  Cxa<rxp(-2X)[3-Ax[/-ab(i-x)
w h ere
* =  [ U . / ( a V ^ o ) ]  [ ( ? - ( ? . ) / / ?  ( 2 -3 3 )
a n d  h i s  P l a n c k 's  c o n s t a n t ,  c i s  t h e  s p e e d  o f  l i g h t ,  e ando
a Q a r e  t h e  c h a r g e  on t h e  e l e c t r o n  a n d  t h e  f i r s t  B o h r r a d i u s ,
r e s p e c t i v e l y ,  a l l  i n  c g s  u n i t s .  D e f i n i t i o n s  and  n u m e r ic a l
v a l u e s  f o r  t h e  s p e c t r o s c o p i c  c o n s t a n t s  a r e  g iv e n  i n
2 Pr e f e r e n c e  11 . T he q u a n t i t y  he  e / a  w as n e e d e d  t o  c o n v e r to o
t h e  f o r c e s  t o  a to m ic  u n i t s .  E q u a t io n s  ( 2 - 2 7 )  an d  ( 2 - 3 1 )  a l s o  




A p r e l i m i n a r y  c a l c u l a t i o n  was p e r fo rm e d  u s in g  a  
s im p le  s i n g l e  c lo s e d  s h e l l  c o n f i g u r a t i o n  wave f u n c t i o n  i n  a  
I s  GTP b a s i s .  The p a r a m e te r  v a l u e s ,  f o r c e s  fro m  t h e  th e o re m  
and  t h e  s lo p e  a s  a  f u n c t i o n  o f  i n t e r n u c l e a r  d i s t a n c e  a r e  
p r e s e n t e d  i n  T a b le  I .  The f o r c e s  co m p u ted  fro m  t h e  th e o re m  
a g r e e  n u m e r ic a l ly  w i th  th o s e  co m p u ted  fro m  t h e  s lo p e  t o  two 
o r  t h r e e  f i g u r e s .  T h is  a g re e m e n t s u g g e s t s  t h a t  t h e  f o r c e s  
co m p u ted  i n  e i t h e r  m an n e r s h o u ld  b e  i d e n t i c a l ,  a t  l e a s t  f o r  
t h i s  s im p le  f u n c t i o n .  T h a t t h i s  i s  in d e e d  so  may e a s i l y  
b e  show n a n a l y t i c a l l y .  F ig u r e  2 i s  a g r a p h i c a l  c o m p a r iso n  
o f  t h e  d a t a  i n  T a b le  I  w i th  t h e  e x p e r im e n ta l  f o r c e s  o f  
T a b le  I I  a n d  s in c e  t h e  f o r c e s  fro m  t h e  s lo p e  a r e  e q u i v a l e n t  
t o  t h o s e  fro m  t h e  th e o r e m ,  o n ly  t h e  fo rm e r  v a lu e s  w ere  
p l o t t e d .  As i s  t o  b e  e x p e c te d  f o r  s u c h  a  s im p le  f u n c t i o n ,  
a g re e m e n t w i th  e x p e r im e n t  i s  p o o r  a l th o u g h  e x t r a p o l a t i o n  o f  
t h e  t h e o r e t i c a l l y  co m p u ted  c u rv e  t o  z e r o  f o r c e  p r e d i c t s  a  
s u r p r i s i n g l y  g o o d , i f  som ew hat l a r g e ,  v a lu e  o f  1 .4 5  au  a s  t h e  
e q u i l i b r i u m  i n t e r n u c l e a r  d i s t a n c e  ( t h a t  i n t e r n u c l e a r  d i s t a n c e  
a t  w h ich  t h e  n e t  f o r c e s  a r e  z e r o )  co m p ared  t o  t h e  e x p e r im e n ta l  
v a lu e  o f  1 .4 o  a u .
As e x p e c t e d ,  t h e r e  i s  no e f f e c t  u p o n  t h e  s a t i s f a c t i o n  
o f  t h e  th e o re m  due t o  t h e  i n t r o d u c t i o n  o f  a n g u l a r  an d  r a d i a l  
c o r r e l a t i o n .  F o r c e s  co m p u ted  fro m  2 c o n f i g u r a t i o n  wave
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Table I
Optimized N o n -lin ea r Param eter, T o ta l M olecular Energy, K in e tic  
Energy and F orces as a  F unction  o f  In te rn u c le a r  D istance f o r  a  
S in g le  Closed S h e ll  C o n fig u ra tio n  OCE-WF o f  th e  Hydrogen Molecule 
In  a  Is  GTF B asis
R 1.20 1.30 1.40 1.50
“s 0.38383025 0.35796642 0.33461988 0.31352717
E -0.93469906 -0.94827652 -0.95468807 -0.95579702
T 1.1514902 1.0738993 1.0038595 0.94058150
Fslo p e +0.18065989 +0.096633255 +0.035122637 -0.010143973
FHFET +0.17870849 +0.096078694 +0.034842554 -0.010927960
R 1.60 1.70 1.80 1.90
as 0.29376292 0.27619243 0.26005006 0.24509627
E -0.95296454 -0.94720149 -0.93925881 -0.92970258
T 0.88128877 0.82857728 0.78015018 0.7352880
Fslo p e -0.044797938 -0.069779694 -0.088394582 -0.10232401
FHFET -0.044048771 -0.069478929 -0.088235855 -0.10172266
R 2.00 2.10 2.20 2.30
“s 0.23149371 0.21881545 0.20769018 0.19703376
E -0.91897082 -0.90739930 -0.89523906 -0.88269174
T 0.069448113 0.65644634 0.62307054 0.59110129
Fslo p e -0.11224598 -0.11950272 -0.12371427 -0.12677968
fhfet -0.11168373 -0.11840636 -0.12398064 -0.12700337
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Table I continued
R 2.40 2.50 2.60 2.70
as 0.187171^0 0.17797858 0.16947526 0.16185969
E -0.86990994 -0.85701448 -0.84409803 -0.83122772
T 0.56151^20 0.53393573 0.50842577 0.48557907
^5 lope -0.12849963 -0.12923282 -0.12910599 -0.12801927
■p
HFET -0.12866032 -0.12916124 -0.12891161 -0.12859392
R 2.80 2.90 3.00 3.10
as 0.15451783 0.14748329 0.14114082 0.13511771
E -0.81846613 -0.80585259 -0.79342020 -0.78119224
T 0.46355349 0.44244987 0.42342246 0.40535313
Pslope -0.12675577 -0.12531257 -0.12333387 -0.12123966
fhfet -0.12727529 -0.12523091 -0.12336999 -0.12112606
R 3.20 3.30 3.40 3-50
“s 0.12972033 0.12431103 0.11937666 0.11472744
E -0.76918423 -0.75741416 -0.74588537 -0.73460644
T 0.38916099 0.37293309 0.35812998 0.34418231
Fslope - 0.11875850 -0.11651063 -0.11404693 -0.11155099






















P lo t o f  Force v s . I n te rn u c le a r  D istance f o r  a  S in g le  
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Cl) Pexper (TSble I J )  
(2) Ps lq p e  (T a ib le I)
.-50.0 J  L. J L -I— I  .1 -
1 . 5  1 .H  1 . 6  l . Q  £ . 0  £ .  a £ . *  £ . 6  £ . 8  2 . 0  2 . 5  




Experim ental F orces as a  F unction  o f In te rn u c le a r  D istance fo r  
The Hydrogen M olecule from th e  H u lb u rt-H irsch fe ld e r P o te n t ia l  
F unction
R Fexper R Fexper
1.20 +0.10717040 2.50 -0.075347662
1.30 +0.044704270 2.60 -0.070558786
1.40 +0.00039656879 2.70 -0.065516412
1.50 -0.030990239 2.80 -0.060380731
1.60 -0.053008284 2.90 -0.055278201
1.70 -0.068101883 3.00 -0.050306331
1.80 -0.077987075 3.10 -0.045538358
1.90 -0.083899856 3.20 -0.041025862
2.00 -0.086758614 3.30 -0.036803320
2.10 -0.087265491 3.40 -0.032890551
2.20 -0.085972965 3.50 -0.029296003
2.30 -0.083325207 3.60 -0.026018593
2.40 -0.079684496 4.60 -0.0074017644
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f u n c t i o n s  i n  GTF, STF a n d  GETF b a s e s  a r e  g iv e n  i n  T a b le s  
1 1 1 ,1 V , V an d  d i s p l a y e d  g r a p h i c a l l y  i n  F i g u r e s  3 ,  4 an d  
5 ,  r e s p e c t i v e l y .  One may r e a d i l y  s e e  fro m  t h e  l a t t e r  t h a t  
t h e  c h a n g e  i n  b a s i s  fro m  GTF t o  STF t o  GETF a l s o  h a s  no 
e f f e c t  upon  s a t i s f a c t i o n  o f  t h e  th e o r e m  ( s i n c e  t h e  tw o  
c u r v e s  a r e  e s s e n t i a l l y  s u p e r p o s e d  o n e  on t h e  o t h e r )  s o  lo n g  
a s  t h e  r e s p e c t i v e  wave f u n c t i o n  p a r a m e t e r s  a r e  f u l l y  o p t i m i z e d .  
The im p o r ta n c e  o f  o p t i m i z a t i o n  i s  i l l u s t r a t e d  by  t h e  d i v e r g e n c e  
o f  t h e  s lo p e  a n d  HFET c u r v e s  i n  F i g u r e  ( f o r  t h e  STF w ave 
f u n c t i o n )  w h e re  o p t i m i z a t i o n  was a r t i f i c i a l l y  c o n s t r a i n e d  
f o r  l a r g e  v a l u e s  o f  t h e  i n t e r n u c l e a r  d i s t a n c e .  T h is  s u g g e s t s  
t h a t  c o m p a r is o n  o f  t h e  f o r c e s  co m p u ted  fro m  t h e  s lo p e  t o  
t h o s e  c o m p u ted  fro m  t h e  HFET i s  a  h i g h l y  s e n s i t i v e  t e s t  o f  
w ave f u n c t i o n  o p t i m i z a t i o n .
Agreement with experiment for all three functions 
becomes progressively worse as R increases, although agree­
ment is good in the region of the equilibrium internuclear 
distance and in fact, the GTF basis wave function predicts 
(perhaps fortuitously) the experimental equilibrium inter­
nuclear distance, 1 .4 0  au. Both the STF and GETF wave 
functions predict somewhat shorter equilibrium values of 
1 .3 4  and 1 .3 3  au, respectively.
The best of the three wave functions energetically 
Is that in the GETF basis with a total energy of - 1 .1 1 5 4 6 0 4  au 
compared to - 1 .1 1 2 5 3 1 7  and -1 .0 9 8 7 6 4 4  au for the respective 
comparable STF and GTF functions (all at the experimental 
internuclear distance of 1 .4 0  au). The experimental total 
energy is given as - 1 .1 7  au at 1 .4 0  au of distance.
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Table I I I
Optimized N on-linear and L inear Param eters, T o ta l M olecular 
Energy, K in etic  Energy and Forces as a  Function  o f  In te rn u c le a r  
D istance f o r  a  Two C onfiguration  OCE-GTF-WF o f  th e  Hydrogen 
Molecule
R 1.30 1.32 1.34 1.36
ns' 0.88580382 0.88513213 0.88503212 0.88513207
as' 0 . 167^9698 0.16517663 0.16380161 0.16260946
V 0.97353238 0.97610813 0.97610813 0.98031443
V 0.60715365 0.59843069 0.58914065 0.58385080
ns." 0.79852617 0.79852617 0.79852617 0.80352616
V 0.23378539 0.23076302 0.22847754 0.22753280
\ 2.5000000 2.5000000 2.5000000 2.5000000
ado 1.3381062 1.3032293 1.2712984 1.2411537
0.99219453 0.99187356 0.99154431 0.99119192
°2 0.12470001 0.12723255 0.12977183 0.13243854
E - 1.0961456 -1.0970974 -1.0978222 -1.0983353
T 1.1661100 1.1504879 1.1373425 1.1272860
slo p e +0.053818807 +0.040447388 +0.02949276 +0.021287307
f hfet +0.053361475 +0.042953908 +0.031625509 +0.019938707
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Table III Continued
R 1.38 1.40 1.45 1.50
V 0.88716328 0.88816327 0.89499295 Q.89724642
“s ' 0.16077888 0.15979242 0.15597284 0.1524Q860
V 0.98176569 0.98372567 0.98605096 0.99047399
“s" 0.57592452 0.56802052 0.55112368 0.53465915
V " 0.80352616 0.80352616 0.80852616 0.80852616
“s'" 0.22518367 0.22290444 0.21823746 0.21316081
2.5000000 2.5000000 2.5000000 2.5000000
% 1.2117682 1.1835394 1.1154470 1.0552998
C1 0.99085939 0.99050838 0.98959792 0.98865831
C2 0.13490188 0.13745719 0.14386624 0.15018374
E -1.0986471 -1.0987644 -1.0983191 -1.0969238
T 1.1130686 1.1009636 1.0706825 1.0427494
Pslope +0.010450356 +0.0015708413 -0.019059725 -0.036116395
f hfet +0.011045158 +0.0021014214 -0.018649042 -0.036775291
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Table III Continued
R 1.55 1.60 1.70 1.80
ns' 0.90045553 0.90322554 0.91043842 0.91333985
V 0.14893073 0.14569908 0.13978344 0.13408357
V 0.99271888 0.99661881 1.0051661 1.0117226
V 0.51731908 0.50169516 0.47272438 0.44497889
V 0.81519282 0.81908166 0.82824373 0.83324373
V ' 0.20931274 0.20504642 O.1968196O 0.18966949
\ 2.5000000 2.5000000 2.5000000 2.5000000
1.0000210 0.94930762 0.85909390 0.78285587
C1 0.98769259 0.98668236 0.98454970 0.98229927
°2 0.15641111 0.16266078 0.17511177 0.18732005
E -1.0947151 - 1.0918121 -1.0843029 -1.0750475
T 1.0145254 0.98847067 0.93959051 0.89536637
Fslope -0.051735476 -0.064588666 - 0.085125268 -0.099823236
fhfet -0.051553130 -0.064451039 -0.084419370 -0.099744797
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Table III Continued
R 1.90 2.00 2.10 2.20
"s ' 0.91982478 0.92613572 0.92888820 0.93955392
“s ' 0.12889439 0.12404639 0.11959761 0.11507362
V 1.0205584 1.0247841 1.0343142 1.0392408
V 0.42136109 0.39751494 0.37680537 0.35822755
"s'" 0.83824372 0.84747279 0.85122275 0.85790974
“s'" 0.18268770 0.17503434 0.16923010 0.16287029
2.5000000 2.5000000 2.5042381 2.5029688
°do- 0.71562803 0.65903342 0.60731882 0.56280535
C1 0.97988045 0.97741431 0.97470051 0.97200710
°2 0.19958740 0.21133500 0.22351807 0.23495299
E -1.0645218 -1.0530901 -1.0410366 -1.0285616
T 0.85524738 0.81717730 0.78336841 0.75090200
Ps lo p e -0.11014485 -0.11795688 -0.12269962 -0.12620944
f hfet -0.11062163 -0.11824024 -0.12317050 -0.12665403
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Table III Continued
R 2.30 2.40 2.50 3.60
V 0.94211262 0.94380838 0.95239311 1.1076155
“s ' 0.11093295 0.10701686 0.10388470 0.08477417
ns" 1.0476933 1.0551424 1.0598831 1.0726995
V 0.33969241 0.32252115 0.30728781 Q.18923455
V ' 0.86090970 0.86607444 0.87148815 0.92142969
“s'" 0.15700698 0.15147817 0.14624625 0.10274243
2.5161257 2.5446758 2 . 569066Q 2.8322649
0.52475727 0.49534565 0.46914995 0.28594202
C1 0.96912962 0.96624064 0.96331668 0.92728847
C2 0.24655235 0.25764394 0.26836962 0.37434983
E -1.0158482 -1.0030088 -0.99014235 - o . 85897213
T 0.72079104 0.69331497 0.66871542 0.47427559
Pslo p e -0.12828624 -0.12903965 -0.12857133 -0.10686046














. - 2 0 .0  .
.-30.0
Figure 3
P lo t o f  Force v s . In te rn u c le a r  D istance f o r  a  Two S p l i t  
S h e ll  C o n fig u ra tio n  OCE-GTF-WF
.-* f0 .0
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(1) Fexper (Table I I )
(2) Fs lo p e (Table I I I )
(3) PHFET (Table I I I )
1 . 5  1 . 8 2.0 2.2
I I I L I  I,
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Table IV
Optimized Non-linear and Linear Parameters, Total Molecular 
Energy, Kinetic Energy and Forces as a Function of Internuclear 
Distance for a Two Configuration OCE-STF-WF of the Hydrogen 
Molecule
R 1.30 1.32 1.34 1.36
ns' 1.0980415 1.1012831 1.1000929 1.1000443
V 1.4077253 1.4095917 1.4003744 1.3862181
V 1.8260021 1.8582487 1.8775129 1.8967228
V 1.4388208 1.4467602 1.4526005 1.4605722
V ' 1.2892780 1.2942772 1.3032761 1.3032751
V 1.2465601 1.2411098 1.2413845 1.2347374
X 3.5201092 3.5267982 3.5990191 3.5652924
X 3.6163931 3.5728197 3.6226292 3.5373430
c i 0.99047470 0.99006230 0.98979127 0.98935890
C2 0.13769895 0.14063096 0.14252734 0.14550185
E -1.1129303 - 1.1132221 -1.1133099 -1.1132145
T 1.1375780 1.1258564 1.1146107 1.1000137
F -i s lo p e K).018959787 K).0095714293 1-0.00097075617 -0.0097064562
FHFET K).020157099 (-0.010090828 -0.00038725138 -0.0069540143
36
Table IV continued
R 1.38 1.40 1.45 1.50
■v 1.0982847 1.0982847 1.0827227 1.0723658
“s' 1.3748217 1.3631258 1.3086519 1.2656803
ns" 1.8994036 1.9010487 1.9379139 1.9698782
V 1.4563484 1.4518490 1.4800034 1.4956417
V 1.2982750 1.3112698 1.3276482 1.3360100
“s'" 1.2275200 1.2300835 1.2285461 1.2209768
\ 3.5804644 3.5985203 3.6700535 3.7100525
ado 3.5092497 3.4949846 3.4695730 3.4154701
ci 0.98894554 0.98859680 0.98758656 0.98653662
C2 0.14827973 0.15059251 0.15707809 0.16354299
E -1.1129637 -1.1125317 -1.1108351 - 1.1083212
T 1.0893669 1.0777330 1.0496855 1.0216780
^slope -0.017099135 -0.024856213 -0.042172249 -0.057762329
PHFET -0.017462492 -0.026568170 -0.042597234 -0.056569993
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Table IV continued
R 1.55 1,60 1.70 1.80
n , s' 1.0621033 1.0536566 1.0406542 1.0256214
“s ' 1.2271395 1.1878328 1.1238508 1.0616188
V 2.0019884 2.0381107 2.1037006 2.1619358
V 1.5099592 1.5302010 1.5530519 1.5728703
V ' 1.3390608 1.3491011 1.3603373 1.3724117
“s'" 1.2086172 1.2000704 1.1767912 1.1555300
3.7354527 3.7740526 3.8296795 3.9032040
3.3530006 3.3051100 3.1929121 3.1147566
C1 0.98544353 0.98430574 0.98187613 0.97938627
°2 0.17000759 0.17647672 0.18952656 0.20199931
E -1.1051264 -1.1013422 -1.0923929 - 1.0820112
T 0.99652869 0.97220820 0.92538446 0.88402164
Pslope -0.070063233 -0.080709040 -0.098240614 -0.10999465
PHFET - 0.070000768 -0.079985440 -0.095950842 -0.10902333
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Table IV continued
R 1.90 2.00 2.10 2.20
V 1.0136890 1.0039129 0.99644852 1.0160294
V 1.0068436 0.95548427 0.91448563 0.92895889
V 2.2251835 2.2796526 2.3321419 2.4067001
V 1.5944977 1.6058664 1.6093559 1.5836468
V " 1.3816700 1.3966513 1.4057751 1.4268847
“s'" 1.1339788 1.1125183 1.0891514 1.0745525
\ 3.9754457 4.0568991 4.1527719 4.2065859
3.0405293 2.9812880 2.9417324 2.8717175
C1 0.97671604 0.97399974 0.97126251 0.96835995
C2 0.21453750 0.22655153 0.23801166 0.24955851
E -1.0706015 -1.0584621 -1.0458260 - 1.0329876
T 0.84682220 0.80974621 0.77625000 0.74623460
Pslope -0.11777902 -0.12435848 -0.12837005 -0.13034284
f hfet - 0.11831832 -0.12341821 -0.12746114 -0,12982625
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Table IV continued
R 2.30 2.40 2.50 3.60
ns' 1.0188694 1.0185413 1.0235434 1.0097065
V 0.90690482 0.87865978 0.86892343 0.64395100
V 2.4682713 2.5136356 2.5855551 3.0899391
V 1.5842400 1.5769749 1.5715456 1.5449696
V 1.4313641 1.4402313 1.4529285 1.5493927
V ' 1.0533247 1.0320387 1.0164852 0.84475428
\ 4.2784929 4.3078346 4.3834009 5.2726355
2.8198509 2.7420082 2.7018280 2.6363173
C1 0.96531022 0.96214634 0.95900840 0.93241560
C2 0.26110941 0.27253491 0,28338063 0.36139071
E -1.0199213 -1.0067911 -0.99372536 -0.85702550
T 0.71930277 0.69146281 0.66770726 0.48983377
Fslope -0.13070428 -0.13138735 - o . i ; j 4o78i -0.10199803

















P lo t  o f  Force v s .  I n te rn u c le a r  D istance f o r  a  Two S p l i t  
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Table V
Optimized N on-linear  and L in ea r  Param eters , T o ta l  Molecular 
Energy, K ine tic  Energy and Forces as a  F unction  o f  I n te m u c le a r  
D istance f o r  a  Two C onfigura tion  OCE-GEIF-WF o f  t h e  tfydrogen 
Molecule
R 1.30 1.32 1.34 1.36
ns' 1.2265^06 1.2170162 1.2308950 1.2431641
V 1.1080580 1.0965157 1.0924807 1.0864782
V 0.93795961 0.95881516 0.94867992 0.93977982
V 0.46923864 0.47967196 0.47460157 0.46991408
V 0.96880317 0.97481775 0.97481775 0.98164344
“s'" 0.62329698 0.62919056 0.62700379 0.62423521
2.8689814 2.8872681 2.8948574 2.9141827
X 2.2395763 2.2212172 2.1949053 2.1769962
p 1.3241453 1.3199100 1.3195515 1.3184624
c i 0.99092591 0.99053085 0.99016887 0.98979968
C2 0.13441133 0.13729221 0.13988036 . 0.14247411
E -1.1164761 -1.1166773 -1.1166439 -1.1164246
T 1.1376562 1.1266737 1.1150293 1.1010046
Ps lo p e +0.016292434 +0.0075730458 -0.0012049049 -0.011338223
PHFET +0.015821815 +0.0036402345 -0.0067349672 -0.014661491
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Table V continued
R 1.38 1.40 1.45 1.50
ns' 1.2565956 1.2685385 1.2937880 1.3231983
V 1.0838594 1.0802088 1.0687733 1.0636148
V 0.93378764 0.92804188 0.92104530 0.90897620
V 0.46691781 0.46404481 0.46054631 0.45451146
V 0.98164344 0.99164343 0.99768949 1.0098858
“s'" 0.62389469 0.62377304 0.62162793 0.62046456
\ 2.9282990 2.9434195 2.9689188 3.0153904 .
\ 2.1567335 2.1386003 2.0920277 2.0644846
P 1.3173056 1.3154383 1.3105059 1.3051138
C1 0.98941207 0.98902106 0.98805374 0.98703808
C2 0.14514047 0.14777887 0.15411198 0.16048765
E -1.1160250 -1.1154604 -1.1134033 -1.1105366
T 1.0899372 1.0775938 1.0477648 1.0210819
Fslope -0.018904209 -0.027047627 -0.045268085 -0.059636623
f hfet -0.023524642 -0.031208932 -0.048613727 -0.064735174
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Table V continued
R 1.55 1.60 1.70 1.80
ns' 1.3511286 1.3743372 1.4361143 1.4771118
“s' 1.0564671 1.0434122 1.0311594 0.99863243
V 0.90246964 0.89825642 0.88282371 0.87788379
V 0.45125800 0.44915134 0.44143456 0.43896449
V 1.0151024 1.0227356 1.0437956 1.0590343
V ' 0.61948347 0.61433476 0.61484355 0.60564166
3.0426416 3.0787058 3.1386795 3.2030554
2.0210314 1.9885225 1.9138727 1.8513680
p 1.2997694 1.2961349 1.2893524 1.2865982
C1 0.98593926 0.98485857 0.98244560 0.98002881
C2 0.16710997 0.17336392 0.18655246 0.19885999
E -1.1069860 -1.1028490 -1.0932016 -1.0821524
T 0.99440080 0.96864253 0.92400235 0.88155687
Pslope -0.072635889 -0.083879352 -0.099529386 -0.11144239
PHFEJT -0.077031612 -0.087122619 -0.10392714 -0.11506754
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Table V continued
R 1.90 2.00 2.10 2.20
ns' 1.5450630 1.5950432 1.6574469 1.7204399
“s' 0.99928141 0.98513335 0.98314357 0.99394596
V 0.87150222 0.87171781 0.87065005 0.87380749
V 0.43577355 0.43588132 0.43534744 0.43692625
V 1.0783844 1.0956259 1.1108952 1.1337509
“s'" 0.60514504 0.60270798 0.59980041 0.60479450
ndo 3.2599726 3.3342409 3.4058628 3.5367050
\ 1.8029833 1.7647362 1.7374382 1.7683525
P 1.2744751 1.2665844 1.2570658 1.2411394
ci 0.97734874 0.97457635 0.97173417 0.96911353
C2 0.21163982 0.22405779 0.23608154 0.24661785
E -1.0702333 -1.0576696 -1.0447292 -1.0315752
T 0.84111673 0.80533695 0.77313870 0.74185574
Fslope - 0.12058818 -0.12616688 -0.12932938 -0.13169122
f hfet -0.12172794 -0.12662423 -0.13017792 -0.13259292
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Table V continued
R 2.30 2.40 2.50 3.60
ns' 1.8330412 1.9950619 2.3046207 3.4237022
“s' 1.0367641 1.0978861 1.1885872 1.7222424
V 0.88170755 0.89703727 1.0097837 1.1222219
V 0.47103631 . 0.52770334 0.76990390 0.82853311
V 1.1734447 1.2348938 1.3541479 1.6303577
“s'" 0.63871157 0.69398189 0.82870924 0.97029549
3.6559343 3.7713671 4.0514154 5,2962809
% 1.8279667 1.8992176 2.1797304 2.6482344
P 1.2060652 1.1664267 1.0912418 0.95464349
C1 0.96593273 0.96239537 0.95917332 0.92192149
C2 0,25879663 0.27165461 0.28281927 0.38737905
E -1.0183353 -1.0053263 -0.99326873 -0.86156380
T 0.71474260 0.68983096 0.66775340 0.47573769
Fslope -0.13199741 -0.13145697 -0.13020670 -0.10717428
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H ow ever ,  on  t h e  b a s i s  o f  f o r c e s ,  t h e  t h r e e  f u n c t i o n s  
a r e  q u i t e  c o m p a ra b le  e x c e p t  f o r  t h e  f a c t  t h a t  t h e  e n e r g e t i c a l l y  
m ost i n f e r i o r  f u n c t i o n  c o n s t r u c t e d  f ro m  G a u s s i a n s  l e a d s  t o  
t h e  b e s t  p r e d i c t i o n  o f  t h e  e q u i l i b r i u m  i n t e r n u c l e a r  s e p a r a t i o n .
T a b le  VI r e p r o d u c e s  t h e  p a r a m e t e r s  an d  e n e r g i e s  f ro m  
B i s h o p ' s J s e v e n  c o n f i g u r a t i o n  STF wave f u n c t i o n .  The f o r c e s  
co m p u ted  f rom  t h i s  wave f u n c t i o n  a r e  g iv e n  a t  t h e  b o t to m  o f  
t h e  same t a b l e .  A g a in  t h e  th e o r e m  i s  shown t o  be  s a t i s f i e d  
s i n c e  t h e  s l o p e  f o r c e s  a g r e e  q u a n t i t a t i v e l y  w i t h  t h o s e  
c o m p u ted  from  t h e  HFET. P e r h a p s  more s i g n i f i c a n t  i s  t h e  
good  a g r e e m e n t  b e tw e e n  t h e  f o r c e s  com pu ted  f ro m  t h i s  f u n c t i o n  
and  t h e  e x p e r i m e n t a l  r e s u l t s  o f  T a b le  I I .  A l th o u g h  t h e  
r e l a t i v e  e r r o r s  a r e  l a r g e  b e c a u s e  o f  t h e  s m a l l n e s s  o f  t h e  
f o r c e s  i n  t h e  r e g i o n  n e a r  t h e  e q u i l i b r i u m  p o i n t ,  t h e  
a b s o l u t e  m a g n i tu d e s  com pare  w e l l .  T h u s ,  i t  a p p e a r s  t h a t  
s i n g l e  c e n t e r  wave f u n c t i o n s  com posed  o f  a  c o m p u t a t i o n a l l y  
t r a c t a b l e  num ber o f  c o n f i g u r a t i o n s  h a v e  t h e  c a p a b i l i t y  o f  
p r e d i c t i n g  q u a n t i t a t i v e l y  good f o r c e  v a l u e s ,  a t  l e a s t  i n  t h e  
r e g i o n  o f  t h e  e q u i l i b r i u m  i n t e r n u c l e a r  d i s t a n c e .
Table VI
Optimized N on-linear and L inear Param eters, T o ta l  Molecular 
Energy, K inetic  Energy and Forces as a  Function o f  In te rn u c le a r  
Distance fo r  a  Seven C onfiguration OCE>STF-WF o f  th e  Hydrogen 
Moleculea
R 1.30 1.38 1.40 1.50
ns' 0.9760 0.9800 0.9809 0.9857
V 1.2831974 1.2606122 1.2561147 1.2295122
V 1.6450 1.6872 1.6941 1.7490
V 1.3385954 1.3358669 1.3334120 1.3305439
V 3.6066 3.7455 3.7654 3.9204
“s'" 4.4074300 4.3853178 4.3555812 4.3114483
V 2.0746 2.1172 2.1294 2.1647
V 1.2963819 1.2923152 1.2895294 1.2787689
V 1.2599 1.2778 1.2794 1.3036
V 1.2092331 1.1964419 1.1924690 1.1772780
ndo 3.6079 3.6762 3.6863 3.7764
ado 3.7500259 3.6484716 3.6140196 3.5135839
v 1.2933 1.3134 1.3166 1.3423
V ' 1.2259929 ,1.2145367 1.2105553 1.1971994
8.2805 8.3233 8.3340 8.3990
\ 10.6160256 10.0705384 9.9439207 9.375767
Table VI Continued
R 1.30 1.38 1.40 1.50
2.5320 2.5673 2.5771 2.6201
2.1474187 2.1362123 2.1305390 2.0979261
V 2.5440 2.5600 2.5676 2.5833
V 2.0652703 2.0306179 2.0247614 1.9815141
V x 2.5440 2.5600 2.5676 2.5833
“»-l 2.0652703 2.0306179 2.0247614 1.9815141
"Po 2.5400 2.5803 2.5878 2.6375
2.2418358 2.2089718 2.2005102 2.1602915
V 4.5075 4.6310 4.6422 4.8089
% 4.5256024 4.4649055 4.4177769 4.3768999
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Table VI Continued
R 1.30 1.38 1.40 1.50
C1 0.8107054 0.807969 0.80562645 0.80090266
C2 0.17837644 0.179139 0.18085957 0.18241620
C3 0.14292157 0.154157 0.15714258 0.17096686
c4 0.022742115 0.025254 0.025906555 0.029214647
C5 -0.091536880 -0.096921 -0.098429441 -0.10612261
c6 0.067057014 0.067483 0.067556024 0.067947865
C7 -0.010019965 -0.011571 -0.012010146 -0.014103595
E -1.1591847 -1.1605242 -1.1604218 -1.1578160
T 1.2062893 1.1590231 1.1480329 1.0957031
Pslope +0.0362343 -0.0010877 -0.0088492 -0.0414086
PHFET +0.03614487 -0.0010689497 -0.0090068579 -0.041365504
a
Parameter v a lues ,  t o t a l  and k in e t ic  energ ies  a re  taken from 




The r e s u l t s  p r e s e n t e d  i n  t h e  f o r e g o i n g  show t h a t ,  
c o n t r a r y  t o  o r i g i n a l  e x p e c t a t i o n s , o n e - c e n t e r  e x p a n s i o n  
wave f u n c t i o n s  do i n d e e d  s a t i s f y  t h e  H e llm an n -F ey n m an  
e l e c t r o s t a t i c  t h e o r e m ,  w i t h o u t  n e e d  o f  a  f l o a t i n g  p a r a m e t e r ,  
i f  t h e  f o l l o w i n g  t h r e e  c o n d i t i o n s  a r e  f u l f i l l e d :
1) The c o o r d i n a t e  s y s t e m  m ust be  c h o s e n  s u c h  t h a t
t h e  k i n e t i c  e n e r g y  o p e r a t o r  i s  i n d e p e n d e n t  o f  R.
2) The wave f u n c t i o n  m ust be  o p t i m i z e d  w i t h  r e s p e c t
t o  a l l  p a r a m e t e r s  u s e d  i n  t h e  c o n s t r u c t i o n  o f  t h e  t r i a l  f u n c t i o n .
3) The b a s i s  f u n c t i o n s  m u s t  h a v e  no e x p l i c i t  d e ­
p e n d e n c e  upon  t h e  i n t e r n u c l e a r  d i s t a n c e ,  a l t h o u g h  a  p a r a m e t r i c  
( i m p l i c i t )  d e p e n d e n c e  i s  a l l o w a b l e  i f  c o n d i t i o n  (2 )  i s  
s u b s e q u e n t l y  f u l f i l l e d .
I n  r e t r o s p e c t ,  t h e  a b o v e  c o n c l u s i o n s  m ig h t  e a s i l y  
h av e  b e e n  s e e n  f ro m  a  c o n s i d e r a t i o n  o f  t h e  b a s i c  t y p e s  o f  
i n t e g r a l s  [ e q u a t i o n s  ( 1 - 1 7 )  t h r o u g h  ( 1 - 2 1 ) ]  w h ic h  a r i s e  i n  
t h e  e x p e c t a t i o n  v a l u e  o f  t h e  H a m i l t o n i a n  f o r  b o t h  s i n g l e  
c e n t e r  and  m u l t i c e n t e r  t r i a l  wave f u n c t i o n s .  Such a  
c o m p a r i s o n  (m o s t  e a s i l y  done  when t h e  b a s i s  f u n c t i o n s  a r e  
G a u s s i a n )  shows t h a t  a l l  o f  t h e  b a s i c  i n t e g r a l s  o f  m u l t i c e n t e r  
t y p e  c o n t a i n  e x p l i c i t  R - d e p e n d e n c i e s . T h i s  a r i s e s  f ro m  t h e  
n e c e s s i t y  o f  t r a n s f o r m i n g  e a c h  b a s i s  f u n c t i o n ,  u s u a l l y  c e n t e r e d  
on a  n u c l e u s ,  f ro m  t h a t  n u c l e u s  t o  a  p o i n t  i n  common w i t h  
t h e  o r i g i n  o f  t h e  volum e e le m e n t  o f  i n t e g r a t i o n .
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W ith o u t  s u c h  a t r a n s f o r m a t i o n ,  t h e  i n t e g r a l s  c o u ld  n o t  be 
e v a l u a t e d .  H e n c e ,  f o r  m u l t i c e n t e r  t r i a l  wave f u n c t i o n s ,  
o v e r l a p ,  k i n e t i c  e n e r g y ,  n u c l e a r - e l e c t r o n  a t t r a c t i o n  and 
e v e n  e l e c t r o n - e l e c t r o n  r e p u l s i o n  i n t e g r a l s  c o n t a i n  an  
e x p l i c i t  R -d e p e n d e n c e  i n t r o d u c e d  by t h i s  t r a n s f o r m a t i o n .  
I n t e g r a l  f o r m u la e  f o r  s im p l e  I s  G a u s s i a n s  on f i x e d  n u c l e a r  
c e n t e r s  h a v e  b e e n  g iv e n  by S h a v i t t ^  an d  B o y s . ^
On t h e  o t h e r  h a n d ,  i n  t h e  c a s e  o f  a  s i n g l e  c e n t e r  
f u n c t i o n ,  o n ly  t h e  n u c l e a r - e l e c t r o n  a t t r a c t i o n  i n t e g r a l s  
( 1 - 1 9 ) ,  ( 1 - 2 5 )  e x h i b i t  e x p l i c i t  R -d e p e n d e n c e  s i n c e  t h e s e  
a r e  t h e  o n ly  t y p e  o f  s i n g l e  c e n t e r  b a s i c  i n t e g r a l s  w h ich  
r e q u i r e  a  c o o r d i n a t e  t r a n s f o r m a t i o n  w h ich  m akes them  
e x p l i c i t  f u n c t i o n s  o f  R. M o re o v e r ,  t h e  R -d e p e n d e n c e  i s  
i n t r o d u c e d  by  a  t r a n s f o r m a t i o n  o f  t h e  n u c l e a r - e l e c t r o n  
p a r t  o f  t h e  H a m i l t o n i a n  an d  n o t  by a  t r a n s f o r m a t i o n  o f  t h e  
b a s i s  f u n c t i o n s .  S in c e  an y  t r i a l  wave f u n c t i o n  w h ic h  i s  
com posed o f  a  l i n e a r  c o m b i n a t i o n  o f  S l a t e r  d e t e r m i n a n t s  
may u l t i m a t e l y  be  s e e n  t o  e x p a n d  i n t o  a  s u p e r p o s i t i o n  o f  
t h e  b a s i s  f u n c t i o n s  [by  e x p a n d in g  t h e  d e t e r m i n a n t s  a s  sums 
and  d i f f e r e n c e s  o f  p r o d u c t s  o f  b a s i s  f u n c t i o n s  a s  i n  ( 1 - 1 5 ) ] ,  
one may r e a d i l y  s e e  t h a t  when d i f f e r e n t i a t i o n  w i t h  r e s p e c t  
t o  R o f  t h e  r e s p e c t i v e  t y p e s  o f  wave f u n c t i o n s  i s  a c c o m p l i s h e d ,  
t h e  f o r m e r  wave f u n c t i o n  w i l l  l e a d  t o  many t e r m s  e x p l i c i t l y  
c o n t a i n i n g  p o w e rs  o f  R. The l a t t e r  s i n g l e  c e n t e r  f u n c t i o n  
w i l l  e x h i b i t  no s u c h  e x p l i c i t  R d e p e n d e n c e  a n d  h e n c e  t h e  
d e r i v a t i v e s  w i l l  be  z e r o  ( f o r  t h e  o p t i m i z e d  wave f u n c t i o n ) .
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T h e se  n o n - z e r o  d e r i v a t i v e s  o f  t h e  wave f u n c t i o n  f o r
t h e  m u l t i c e n t e r  c a s e  w i l l  l e a d  t o  c o n t r i b u t i o n s  t o  t h e  f o r c e
f ro m  t h e  k i n e t i c  e n e r g y  ( 2 - 1 5 )  w h ic h ,  o f  c o u r s e ,  im m e d ia t e ly
n e g a t e s  t h e  t h e o r e m .  S i m i l a r  t e r m s  a r i s e  i n  t h e  p o t e n t i a l
e n e r g y  ( 2 - 1 6 )  and  t h e r e  i s  no g u a r a n t e e  t h a t  t h e  c o n t r i b u t i o n
f ro m  t h e  k i n e t i c  e n e r g y  i s  e x a c t l y  o f f s e t  by t h e  c o m p a ra b le
t e r m s  i n  t h e  p o t e n t i a l  e n e r g y  a s  i s  t h e  c a s e  f o r  t h e  e x a c t  
7
wave f u n c t i o n .  H u r l e y ' s  i n t r o d u c t i o n  o f  a  v a r i a t i o n a l  
f l o a t i n g  p a r a m e t e r  s e e k s  t o  e l i m i n a t e  t h e  e x p l i c i t  d e ­
p e n d e n c e  o f  ¥ on R an d  c h a n g e  i t  t o  a  p a r a m e t r i c  d e p e n d e n c e  
( 2 - 1 1 ) .  I f  t h i s  i s  d o n e  t h e  HPET may be s a t i s f i e d  by t h e  
m u l t i c e n t e r  a p p r o x i m a te  wave f u n c t i o n  ( p r o v i d e d  t h e  k i n e t i c  
e n e r g y  o p e r a t o r  i s  a l s o  I n d e p e n d e n t  o f  R ) . I n t e g r a l  
f o r m u la e  f o r  I s  G a u s s i a n s  c o n t a i n i n g  s u c h  f l o a t i n g  p a r a m e t e r s
•3Q
h a v e  b e e n  g i v e n  by P r e u s s .  The l a c k  o f  e x p l i c i t  R -d e p e n d e n c e
i s  r e a d i l y  a p p a r e n t .  F o r  o p t i m i z e d  s i n g l e  c e n t e r  a p p r o x im a te
wave f u n c t i o n s  a^ /S R  = 0 so  t h a t  t h e  above  m e n t io n e d  k i n e t i c
e n e r g y  and  p o t e n t i a l  e n e r g y  t e r m s  i m m e d ia t e ly  d ro p  o u t  and
t h e  th e o r e m  i s  s a t i s f i e d  d i r e c t l y .
I n t r o d u c t i o n  o f  a n g u l a r  c o r r e l a t i o n  t h r o u g h  t h e  u s e
o f  t h e  d f u n c t i o n  an d  r a d i a l  c o r r e l a t i o n  t h r o u g h  t h e  u s e  o
o f  one o r  more s p l i t  s h e l l  c o n f i g u r a t i o n s  show s no a p p a r e n t  
e f f e c t  on s a t i s f a c t i o n  o f  t h e  th e o r e m  f o r  OCE-WF's. T h a t  
t h i s  s h o u ld  be  so  i s  r e a d i l y  u n d e r s t a n d a b l e  i n  l i g h t  o f  t h e  
c o n d i t i o n s  l a i d  down a b o v e  f o r  s a t i s f a c t i o n  o f  t h e  th e o r e m  
f o r  t h i s  t y p e  o f  f u n c t i o n .
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An e x t e n s i o n  o f  t h i s  w ork  c o u ld  b e  u n d e r t a k e n  t o  
i n v e s t i g a t e  t h e  g e n e r a l  u s e f u l n e s s  o f  OCE-GTF-WFf s f o r  
p r e d i c t i n g  i n t e r n u c l e a r  d i s t a n c e s .  A l th o u g h  i t  i s  known 
t h a t  e n e r g e t i c a l l y ,  one f o r  o n e ,  G a u s s i a n s  a r e  i n f e r i o r  t o  
STF’ s ( a n d  now a l s o  G E T F 's)  t h i s  w ork  h a s  shown t h a t ,  a t  
l e a s t  f o r  t h e  s im p le  s y s te m  o f  a  h o m o n u c le a r  d i a t o m i c  
m o l e c u l e ,  OCE-GTF-WF's p r e d i c t  i n t e r n u c l e a r  d i s t a n c e s  i n  
b e t t e r  a g r e e m e n t  w i t h  e x p e r im e n t  t h a n  c o m p a ra b le  OCE-WF's i n  
e i t h e r  an  STF o r  GETF b a s i s .  A m ore  d em an d in g  t e s t  o f  an  
OCE-GTF-WF t o  p r e d i c t  bond  l e n g t h s  w ould  b e  a  s tu d y  o f  a  
s im p le  h e t e r o n u c l e a r  d i a t o m i c  m o le c u le  s u c h  a s  LiH .
A n o th e r  e x t e n s i o n  o f  i n t e r e s t  w o u ld  b e  a  s t u d y  t o  
d e t e r m i n e  t o  w hat e x t e n t  t h e  k i n e t i c  e n e r g y  an d  p o t e n t i a l  
e n e r g y  c o n t r i b u t i o n s  t o  t h e  c o m p u t a t i o n  o f  f o r c e s  a r i s i n g  
f ro m  t h e  t e r m s  c o n t a i n i n g  t h e  d e r i v a t i v e  o f  t h e  wave 
f u n c t i o n  w i t h  r e s p e c t  t o  R, ( 2 - 1 5 )  an d  ( 2 - 1 6 ) ,  f o r  a  
m u l t i c e n t e r  wave f u n c t i o n  c a n c e l  e a c h  o t h e r .  T h is  c o u ld  
l e a d  one t o  an  e s t i m a t e  o f  t h e  e x t e n t  o f  t h e  d i f f e r e n c e  
b e tw e e n  f o r c e s  co m p u ted  from  t h e  s l o p e  o f  t h e  e n e r g y  c u r v e  
a n d  t h e  HFET f o r  m u l t i c e n t e r  wave f u n c t i o n s  n o t  c o n t a i n i n g  
a  f l o a t i n g  p a r a m e t e r .
The i m p o r t a n c e  o f  t h e  p r e s e n t  w ork i s  t h a t  i t  
shows t h a t  o p t i m i z e d  s i n g l e  c e n t e r  a p p r o x i m a te  wave f u n c t i o n s  
by t h e i r  v e r y  n a t u r e  o f  b e i n g  e x p l i c i t l y  i n d e p e n d e n t  o f  
n u c l e a r  p o s i t i o n s  a u t o m a t i c a l l y  s a t i s f y  t h e  GHFT ( 2 - 5 )  and  
t h a t  t h e y  may e a s i l y  b e  made t o  s a t i s f y  t h e  HFET ( 2 —18) i f  
t h e  c o o r d i n a t e  s y s te m  i s  c h o s e n  w i t h  c a r e  s u c h  t h a t  ( 2 - 7 )  
o b t a i n s .  F u r t h e r m o r e ,  t h i s  i m p l i e s  t h a t  t h e  i n c l u s i o n  o f
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a  v a r i a t i o n a l  f l o a t i n g  p a r a m e t e r  i n  o r d e r  t o  s a t i s f y  t h e  
th e o r e m  i s  n e c e s s a r y  o n ly  i n  t h e  c a s e  o f  m u l t i c e n t e r  t r i a l  
wave f u n c t i o n s  so  a s  t o  rem ove t h e  e x p l i c i t  R -d e p e n d e n c e  
i n t r o d u c e d  by t h e  t r a n s f o r m a t i o n s  n e c e s s a r y  f o r  i n t e g r a l  
e v a l u a t i o n .  H e n c e ,  we h a v e  d e m o n s t r a t e d  y e t  a n o t h e r  
a d v a n t a g e  o f  t h e  s i n g l e  c e n t e r  a p p r o a c h  t o  t h e  c o n s t r u c t i o n  
o f  a p p r o x i m a te  wave f u n c t i o n s .  F i n a l l y ,  t h e  e n c o u r a g i n g  
a g r e e m e n t  o f  t h e  s e v e n  t e r m  wave f u n c t i o n  w i t h  e x p e r i m e n t a l l y  
d e t e r m i n e d  f o r c e s  p r o v i d e s  a d d i t i o n a l  s u p p o r t  f o r  t h e  u s e  




S im p le  one an d  two c o n f i g u r a t i o n  s i n g l e  c e n t e r  wave 
f u n c t i o n s  i n  GTF, STF an d  GETF b a s e s  w ere  u s e d  t o  com pute  
I n t e r n u c l e a r  f o r c e s  f o r  t h e  h y d ro g e n  m o le c u le  by t a k i n g  t h e  
s l o p e  o f  t h e  t o t a l  e n e r g y  c u r v e  and  by c o m p u t a t i o n  from  t h e  
H e llm an n -F e y n m a n  e l e c t r o s t a t i c  t h e o r e m .
C o n t r a r y  t o  e x p e c t a t i o n s ,  t h e  f o r c e s  co m p u ted  by 
t h e s e  a l t e r n a t i v e  m e th o d s  w ere  t h e  s a m e ,  i n d i c a t i n g  s a t i s ­
f a c t i o n  o f  t h e  HFET, i f  t h e  wave f u n c t i o n  was v a r i a t i o n a l l y  
o p t i m i z e d .  Such s a t i s f a c t i o n  o f  t h e  th e o r e m  was a t t r i b u t a b l e  
t o  t h e  f a c t  t h a t  s i n g l e  c e n t e r  wave f u n c t i o n s  w ere  n o t  e x p l i c i t l y  
f u n c t i o n s  o f  t h e  n u c l e a r  c o o r d i n a t e s  b u t  r a t h e r  i m p l i c i t l y  
d e p e n d e n t  t h r o u g h  p a r a m e t e r s .
The r e s u l t s  show ed t h a t  s a t i s f a c t i o n  o f  t h e  th e o re m  
was b a s i s  i n d e p e n d e n t  so  l o n g  a s  t h e  b a s i s  f u n c t i o n s  th em ­
s e l v e s  w ere  n o t  e x p l i c i t  f u n c t i o n s  o f  R.
The i n t r o d u c t i o n  o f  a n g u l a r  c o r r e l a t i o n  t h r o u g h  t h e  
u s e  o f  t h e  d Q f u n c t i o n  and  r a d i a l  c o r r e l a t i o n  by  i n c l u d i n g  
one  o r  m ore s p l i t  s h e l l  c o n f i g u r a t i o n s  a l s o  h a d  no b e a r i n g  
on  t h e  s a t i s f a c t i o n  o f  t h e  th e o r e m  s i n c e  OCE-WFTs w i t h  and 
w i t h o u t  I v a l u e s  g r e a t e r  t h a n  z e r o  a n d  o f  one o r  m ore c l o s e d  
o r  s p l i t  s h e l l  c o n f i g u r a t i o n s  a l l  s a t i s f i e d  t h e  th e o r e m .
The OCE-WF r e s u l t s  i m p l i e d  t h a t  v a r i a t i o n a l  
o p t i m i z a t i o n  d i d  n o t  l e a d  t o  t h e  s a t i s f a c t i o n  o f  t h e  HFET
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f o r  m ost a p p r o x i m a te  wave f u n c t i o n s  b e c a u s e  t h e y  w ere  o f  
t h e  m u l t i c e n t e r  t y p e  w h ic h  l e d  t o  t h e  i n t r o d u c t i o n  o f  an 
e x p l i c i t  R -d e p e n d e n c e  when t h e  b a s i s  f u n c t i o n s  w ere  t r a n s f o r m e d  
t o  a  c e n t e r  o f  i n t e g r a t i o n .  H e n c e ,  an  a p p r o x im a te  m u l t i c e n t e r  
wave f u n c t i o n  w i t h o u t  t h e  f l o a t i n g  f e a t u r e  t o  make t h e  b a s i c  
i n t e g r a l s  i n d e p e n d e n t  o f  R, w ou ld  b e  e x p e c t e d  t o  a p p r o a c h  
s a t i s f a c t i o n  o f  t h e  th e o r e m  o n ly  i f  a  v e r y  l a r g e  b a s i s  s e t  
w e re  u s e d  i . e .  i n  t h e  l i m i t  a s  t h e  t r i a l  wave f u n c t i o n  b e g a n  
t o  a p p r o a c h  t h e  e x a c t  wave f u n c t i o n .
The u s e  o f  G a u s s i a n  f u n c t i o n s  l e d  t o  p r e d i c t i o n s  o f  
t h e  i n t e r n u c l e a r  d i s t a n c e  w h ic h  w ere  much c l o s e r  t o  t h e  
e x p e r i m e n t a l  e q u i l i b r i u m  v a l u e  t h a n  t h o s e  o f  t h e  o t h e r  tw o 
b a s e s .  T h i s  s u g g e s t e d  t h a t  G a u s s i a n s  may be  e s p e c i a l l y  good 
f o r  p r e d i c t i n g  bond  l e n g t h s .  M o re o v e r ,  a l t h o u g h  t h e  GTF-WF's 
w ere  e n e r g e t i c a l l y  f a r  i n f e r i o r  t o  e i t h e r  t h e  STF o r  GETF 
wave f u n c t i o n s ,  t h e  f o r c e s  p r e d i c t e d  w ere  q u a n t i t a t i v e l y  and 
q u a l i t a t i v e l y  c o m p a ra b le  f o r  a l l  t h r e e  c a s e s .
F i n a l l y ,  t h e  u s e  o f  B i s h o p ' s  s e v e n  t e r m  STF wave 
f u n c t i o n  showed p r o m is e  t h a t  OCE-WF's h a v e  t h e  c a p a b i l i t y  
o f  p r e d i c t i n g  v a l u e s  f o r  i n t e r n u c l e a r  f o r c e s  a p p r o a c h i n g  
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APPENDIX 1
MATRIX ELEMENTS OF OPERATORS FOR DETERMINANTAL WAVE FUNCTIONS
COMPOSED OF NON-ORTHOGONAL BASIS FUNCTIONS
S o l u t i o n  o f  t h e  s e c u l a r  d e t e r m i n a n t  ( 1 - 1 1 )  f o r  t h e
e n e r g y  e i g e n v a l u e s ,  E , an d  t h e  a s s o c i a t e d  e i g e n v e c t o r s ,
C^,  c o m p u t a t i o n  o f  t h e  q u a n tu m  m e c h a n i c a l  c h a r g e  d e n s i t y
m a t r i x  e l e m e n t s  ( 2 - 2 4 )  and  c a l c u l a t i o n  o f  f o r c e s  f ro m  t h e
HFET r e q u i r e  e x p a n s i o n  o f  m a t r i x  e l e m e n t s  o v e r  c o n f i g u r a t i o n s
( 1 - 2 ) ,  w here  t h e  s p l i t  s h e l l  c o n f i g u r a t i o n s  u s e d  h e r e i n  a r e
a  l i n e a r  c o m b i n a t i o n  o f  two S l a t e r  d e t e r m i n a n t s ,  f o r  a
s p e c i f i e d  o p e r a t o r ,  i n  t e r m s  o f  t h e  b a s i s  f u n c t i o n s .
I f  t h e  b a s i s  f u n c t i o n s  e m p lo y e d  a r e  o r t h o n o r m a l ,  s t a n d a r d
33f o r m u l a e  a r e  a v a i l a b l e  t o  g i v e  t h e  d e s i r e d  e x p a n s i o n s .
H ow ever ,  b a s i s  f u n c t i o n s  ( 1 - 4 )  u s e d  i n  t h e  p r e s e n t  work
a r e  n o n - o r t h o g o n a l , a l t h o u g h  t h e y  a r e  n o r m a l i z e d .
P r i o r  t o  e x p a n s i o n ,  t h e  d e t e r m i n a n t s  c o n s t i t u t i n g
t h e  c o n f i g u r a t i o n ^ ) a r e  p u t  i n t o  maximum c o i n c i d e n c e
( r e f e r e n c e  33 p .  2 4 ) ,  i . e .  c o lu m n s  a r e  i n t e r c h a n g e d  u n t i l
a s  many a s  p o s s i b l e  i n  one d e t e r m i n a n t  h a v e  t h e  same s p i n
1a s  t h e  c o r r e s p o n d i n g  co lum n i n  t h e  o t h e r .  F o r  t h e  I
g
g r o u n d  s t a t e  s p l i t  s h e l l  c o n f i g u r a t i o n  o f  t h e  h y d r o g e n  m o l e ­
c u l e ,  one  i n t e r c h a n g e  o f  c o lu m n s  i s  r e q u i r e d  i n  t h e  s e c o n d  
d e t e r m i n a n t ,  w h i c h ,  s i n c e  i t  i s  an  odd num ber  o f  i n t e r c h a n g e s ,  
a l t e r s  t h e  s i g n  p r e c e e d i n g  t h i s  l a t t e r  d e t e r m i n a n t .  One may
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w r i t e
*  = - £ =  
X  v ? '
x * l» + X a, « ’
X tl (a) X lt (a) ( A l - 1 )
D e t e r m i n a t i o n  o f  t h e  c o n f i g u r a t i o n  n o r m a l i z a t i o n  
c o n s t a n t ,  N^, and  t h e  o v e r l a p  m a t r i x  e l e m e n t s  b e t w e e n  
c o n f i g u r a t i o n s ,  A ^ j , a r e  e x a m p le s  o f  e x p a n s i o n s  i n  w h ic h  
t h e  o p e r a t o r  i s  a  c o n s t a n t ,  t h e  u n i t  o p e r a t o r  QQp = 1 .
The f o r m e r  w i l l  be  i l l u s t r a t e d  i n  d e t a i l ,  w h i l e  t h e  l a t t e r  
f o l l o w s  by a n a l o g y .
The n o r m a l i z a t i o n  c o n d i t i o n  r e q u i r e s  t h a t
( A l - 2 )
w h ere  n Qp = 1 .  Upon s u b s t i t u t i o n  o f  ( A l - 1 )  i n t o  ( A l - 2 )  and  
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( A l - 3 )
=  /
e a c h  s e t  o f  two d e t e r m i n a n t s ;  h o w e v e r ,  t h i s  q u i c k l y  becom es  
i m p r a c t i c a l  f o r  l a r g e r  d e t e r m i n a n t s .  F o l l o w i n g  S l a t e r  
( r e f e r e n c e  29 A p p e n d ix  9 )  one may show t h a t  e a c h  t e r m  i n  
( A l - 3 )  may be s i m p l i f i e d .  F o r  e x a m p l e ,  r e w r i t i n g  t h e  f i r s t  
t e r m  we h a v e
aj/ x,o> _o 
2 ! \  0  * , u )( (Al-1))
w here  t h e  2! i n  t h e  n u m e r a t o r  comes f ro m  t h e  f a c t  t h a t  i f  
a n o t h e r  s e t  o f  e l e m e n t s  o t h e r  t h a n  t h o s e  o f  t h e  p r i n c i p a l  
d i a g o n a l  were  c h o s e n  f o r  t h e  e x p a n s i o n  o f  t h e  f i r s t  d e t e r ­
m i n a n t ,  a n o t h e r  t e r m  i d e n t i c a l  t o  ( A l - 4 )  w o u ld  be  p r o d u c e d  
( w i t h o u t  t h e  2! i n  t h e  n u m e r a t o r ) .  I n  g e n e r a l ,  f o r  t h e  
N x N c a s e  t h e r e  w ou ld  a r i s e  N! i d e n t i c a l  e x p r e s s i o n s  o f  
t h e  t y p e  ( A l - 4 )  ( w i t h o u t  t h e  N! i n  t h e  n u m e r a t o r  p r e c e e d i n g  
t h e  i n t e g r a l ) .  The o t h e r  two t e r m s  o f  ( A l - 3 )  may s i m i l a r l y  
be  c o n d e n s e d  t o  fo rm  ( A l - 4 ) .  Use o f  t h e  r u l e  f o r  d e t e r m i n a n t  
o r  m a t r i x  m u l t i p l i c a t i o n  ( row x c o lu m n )  on ( A l - 4 )  l e a d s  t o  
a  d e t e r m i n a n t  o f  o v e r l a p  i n t e g r a l s  o v e r  t h e  b a s i s  s e t .
w h e r e ,  i n  t h e  a b o v e ,  t h e  d e t e r m i n a n t s  w ere  e x p a n d e d  i n  t h e  
u s u a l  m a n n e r  a n d  i n t e g r a t i o n  o v e r  t h e  e l e c t r o n  c o o r d i n a t e s
( A l - 5 a )
S i m i l a r l y ,
( A l - 5 b )
( A l - 5 c )
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i n c l u d e s  s u m m a t io n  o v e r  s p i n ,  so  t h a t  many o v e r l a p s  a r e  
z e r o  due  t o  s p i n  o r t h o g o n a l i t y ;  t h e  b a s i s  f u n c t i o n s  a r e  
a s su m ed  n o r m a l i z e d .
S u b s t i t u t i o n  o f  e q u a t i o n s  ( A l - 5 )  i n t o  ( A l - 3 )  a n d  
s o l v i n g  f o r  N_^  l e a d s  t o  t h e  n o r m a l i z a t i o n  e x p r e s s i o n  ( 1 - 3 ) .
The e x p r e s s i o n  ( 1 - 1 6 )  f o r  t h e  o v e r l a p  m a t r i x  e l e m e n t s ,  
, may r e a d i l y  be  o b t a i n e d  u s i n g  t h e  m e th o d  o f  e x p a n s i o n  
i l l u s t r a t e d  a b o v e .
The H a m i l t o n i a n  o p e r a t o r  (1 -1 * 0  may b e  c o n s i d e r e d  
t o  be  composed  o f  t h r e e  t y p e s  o f  o p e r a t o r s ,  a  c o n s t a n t  
o p e r a t o r ,  a o n e  e l e c t r o n  p a r t ,  ftQp ( l ) ,  a n d  a  two
e l e c t r o n  p a r t ,  ft ( 1 , 2 ) .
E x p l i c i t l y
-  ' / f t  ( A l - 6 a )
a , 0 >  =  (a i - 6 d )
Q o p O ) * )  =  j/jr. ( A l - 6 c )ia
w h ere  t h e  n u m b e rs  i n  t h e  b r a c k e t s  i n d i c a t e  t h e  e l e c t r o n i c
c o o r d i n a t e s  on w h ic h  t h e  o p e r a t o r  a c t s .  The c a s e  o f  t h e
c o n s t a n t  o p e r a t o r  ( A l - 6 a )  h a s  a l r e a d y  b e e n  t r e a t e d  a b o v e
s i n c e  i t  i s  a n a l o g o u s  t o  t h e  t r e a t m e n t  g i v e n  t h e  u n i t
o p e r a t o r .  A p p l i c a t i o n  o f  t h e  one e l e c t r o n  o p e r a t o r  ft ( 1 )
t o  c o n f i g u r a t i o n s  ( 1 - 2 )  l e a d s  t o  a n  e x p r e s s i o n  s i m i l a r  t o
( A l - 3 )  e x c e p t  t h a t  t h e  o p e r a t o r  i s  now ft ( 1 )  r a t h e r  t h a n  aop
c o n s t a n t , and  t h e  e x p r e s s i o n ,  i n  g e n e r a l ,  i s  n o t  e q u a l
t o  u n i t y .  C o n t i n u i n g ,  s i m p l i f i c a t i o n  ( A l - 4 )  may be  a p p l i e d
so  t h a t  by m u l t i p l y i n g  t h e  d e t e r m i n a n t s  an d  b e a r i n g  i n  m ind
t h a t  ft (1 )  o p e r a t e s  o n l y  on c o o r d i n a t e s  o f  e l e c t r o n  ( 1 ) ,  op
t h a t  i s ,  o n l y  on t h e  f i r s t  row o f  t h e  c o m b in e d  d e t e r m i n a n t ,
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( A l - 7 )
one o b t a i n s
<**,o>| n„(»l x,o» < ^ o)| qv«| ^  o>>
< x ^ ( i )  | * ,< ; . )>  < * , , ( »  | X , xM >
E x p a n s i o n  o f  t h e  d e t e r m i n a n t  i n  t h e  u s u a l  m a n n e r  and  
a p p l i c a t i o n  o f  t h e  o p e r a t o r  l e a d s  t o  t h e  r e s u l t
<*,/-> I n - (,)l *,,<'>> *,.<*> = K ^ v Mi]s,,<a
w h e r e ,  a g a i n  some t e r m s  d r o p  o u t  b e c a u s e  o f  s p i n  o r t h o g o n a l i t y .
( A l - 8 )
L i k e w i s e  t h e  o p e r a t o r  f o r  e l e c t r o n  ( 2 )  c o o r d i n a t e s , f l Qp ( 2 ) ,
i s  a p p l i e d  t o  t h e  s e c o n d  row o f  t h e  c om bined  d e t e r m i n a n t  t o
o b t a i n  e x p r e s s i o n s  a n a l o g o u s  t o  ( A l - 7 )  an d  ( A l - 8 ) .
The o t h e r  d e t e r m i n a n t s  o f  ( A l - 3 )  a r e  e x p a n d e d  i n
l i k e  m anner  an d  c o l l e c t i n g  t h e  r e s u l t i n g  e x p r e s s i o n s  ( A l - 8 )
l e a d s  t o  t h e  t o t a l  one e l e c t r o n  c o n t r i b u t i o n  t o  t h e  m a t r i x
e l e m e n t  f ro m  t h e  n e l e c t r o n s ,  w h e re  i n  t h e  p r e s e n t  c a s e  n = 2 .
The two e l e c t r o n  p a r t ,  fi ( 1 , 2 ) ,  o f  t h e  H a m i l t o n i a n
a l s o  l e a d s  t o  e x p r e s s i o n s  o f  t h e  t y p e  ( A l - 3 )  and  s i m p l i f i c a t i o n s
( A l - ^ ) .  E x p a n d in g  an  e x p r e s s i o n  l i k e  ( A l - 4 )  i n  t h e  u s u a l
m a n n e r  and  b e a r i n g  i n  m ind  t h a t  n ( 1 , 2 )  a c t s  on e l e c t r o nop
c o o r d i n a t e s  ( 1 )  and  ( 2 ) ,  t h a t  i s  on  rows  ( 1 )  a n d  ( 2 ) ,  one 
o b t a i n s
X , < »  X.o>
: 1 1
X,  (») X.  (»>L *1 -*» J
LX , / o  x y o
*.«>J
( A l - 9 )
( X , 0 )  x,(»)
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where  o n c e  a g a i n  some t e r m s  d r o p  o u t  b e c a u s e  o f  s p i n  
o r t h o g o n a l i t y .
C o l l e c t i n g  a l l  p a r t s  o f  t h e  m a t r i x  e l e m e n t  t o g e t h e r  




S i n c e  s i n g l e  c e n t e r  i n t e g r a l s  o v e r  GETF's  h av e  n o t
p r e v i o u s l y  a p p e a r e d  i n  t h e  l i t e r a t u r e  i n  any g r e a t  d e t a i l ,  
i t  i s  u s e f u l  t o  i n d i c a t e  h e r e  some o f  t h e  t e c h n i q u e s  
r e q u i r e d  f o r  t h e  e v a l u a t i o n  o f  t h e  t y p e s  o f  i n t e g r a l s  
w h ic h  one  e n c o u n t e r s  i n  c a r r y i n g  o u t  m o l e c u l a r  OCE c a l c u l a t i o n s  
u s i n g  t h i s  new b a s i s  s e t .  The m e th o d s  and  s u b s t i t u t i o n s  
u s e d  a r e  e s s e n t i a l l y  t h o s e  em p lo y ed  i n  t h e  e v a l u a t i o n  o f  t h e  
l e s s  g e n e r a l  OCE-STF 's  w i t h  n o n - i n t e g r a l  p r i n c i p a l  q u an tu m  
n u m b e r s . J 
O v e r l a p  i n t e g r a l s :
S u b s t i t u t i n g  t h e  o r b i t a l  f u n c t i o n s  ( 1 - ^ )  i n t o  ( 1 - 1 7 )  
an d  t h e  s p h e r i c a l  p o l a r  c o o r d i n a t e  vo lum e e l e m e n t
dnrlC * r£  dr(c Sin &,c d©JC d<#>,c ( A 2 - 1 )
w here  C i s  t h e  e x p a n s i o n  c e n t e r  ( F i g u r e  1)
CO
^  dr.
a ( A 2 - 2 )
tr prr
o o
S i n c e  t h e  s p h e r i c a l  h a r m o n i c s  a r e  o r t h o n o r m a l
o
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w h ere  6 and  <S a r e  t h e  K r o n e c k e r  d e l t a s ^  a n d  we h a v e  
1 2  1 2
s i m p l i f i e d  n o t a t i o n  f o r  t h e  n o r m a l i z a t i o n  c o n s t a n t s  by 
s e t t i n g  Ar (n  . a ^ p )  =Ar (A ) .
W ith  t h e  s u b s t i t u t i o n s
t  -  ( A 2 -4 a )
( A 2 _ 4 b )
« = (n*, + njL* + * ) / p ( A 2 -4 c )
and  n o t i n g  t h a t  t h e  l i m i t s  o f  i n t e g r a t i o n  a r e  u n c h a n g e d  s i n c e
t  0 a s  r  -> 0 a n d  t + «  a s  r  + 00, one  h a sxo XU
#0
V - O  (A 2 -5 )
The i n t e g r a l  o f  (A 2 -5 )  i s  now r e c o g n i z e d  a s  t h a t  o f  t h e  
gamma f u n c t i o n  ( 1 - 2 3 )  w h ich  l e a d s  d i r e c t l y  t o  ( 1 - 2 2 ) .
K i n e t i c  e n e r g y  i n t e g r a l s :
The L a p l a c i a n  o p e r a t o r  i n  s p h e r i c a l  p o l a r  c o o r d i n a t e s
y * =  (//r*) a/ar (r^a/dr) + / / ( r a s<hS)[ v / d $ ( s i n 9  d/a&
+ ( l / s i h  o) ( A 2 - 6 )
may be  p a r t i t i o n e d  i n t o  r a d i a l  and a n g u l a r  p a r t s
v “= 0/r*) a/W r’a/ar) -  i?/r
2
w here  L i s  t h e  s q u a r e  o f  t h e  t o t a l  a n g u l a r  momentum 
o p e r a t o r  ( r e f e r e n c e  21 p .  1 3 3 )  d e f i n e d  by
L? =  -  ( / / Sin e) [ */d9(sin & d/de) + O/sin 9) ]
( A 2 - 7 )
(A2-8)
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A p p l i c a t i o n  o f  (A 2 -7 )  t o  t h e  b a s i s  f u n c t i o n s  ( 1 - 4 )  r e s u l t s  
I n  t h e  r a d i a l  p a r t  o f  t h e  o p e r a t o r  a c t i n g  o n l y  on t h e  
r a d i a l  p a r t  o f  t h e  f u n c t i o n  an d  t h e  a n g u l a r  p a r t  o p e r a t i n g  
o n l y  on t h e  s p h e r i c a l  h a r m o n i c .  P a r t i t i o n i n g  t h e  b a s i s  
f u n c t i o n s  i n t o  r a d i a l  and  a n g u l a r  p a r t s
< A 2 ' 9 )
w h ere
U. (r,c) =  r*‘" e r “^  ( « - i o )
and  a p p l y i n g  t h e  r e s p e c t i v e  o p e r a t o r s ,  one o b t a i n s
+  (<***<’ < ' ; .}* ]  ( a2 - i d
L* 9« , V  =  *>(*><■>) *') (A2- 12)
So t h a t  a p p l i c a t i o n  o f  t h e  f u l l  o p e r a t o r  l e a d s  t o
-  i-  V '  X/Jn., I.,*") =  ( s f e ) [ A « . « )  -  o
(A 2-13)
+ r,r (a f O ] XJr;,,
S u b s t i t u t i o n  o f  (A 2-13)  i n t o  ( 1 - 1 8 )  a n d  i n t e g r a t i o n  o v e r  
a n g l e s ,  k e e p i n g  i n  mind t h e  o r t h o g o n a l i t y  o f  s p h e r i c a l  
h a r m o n i c s ,  l e a d s  t o
T *> ** = 6 , ,  M4)Ar(A>r**(i*+o-* «i**a I
(A2-14)
* drlt +<’tJr , P ( a ' f c a * 'P - 0
o
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U s i n g  s u b s t i t u t i o n s  (A 2 -4 )  e a c h  o f  t h e  ab o v e  t h r e e  I n t e g r a l s  
may b e  p u t  i n t o  t h e  fo rm  r e c o g n i z a b l e  a s  t h a t  o f  t h e  gamma 
f u n c t i o n  ( 1 - 2 3 ) .  I n t e g r a t i o n  t h e n  l e a d s  t o  r e s u l t  ( 1 - 2 4 ) .  
N u c l e a r - e l e c t r o n  a t t r a c t i o n  I n t e g r a l s :
i n t e g r a l s ,  i t  i s  n e c e s s a r y  t o  t r a n s f o r m  t h e  n u c l e a r - e l e c t r o n  
a t t r a c t i o n  o n e - e l e c t r o n  p a r t  o f  t h e  H a m i l t o n i a n  t o  t h e  
e x p a n s i o n  c e n t e r ,  C,  s i n c e  t h e  volume e l e m e n t  o r i g i n a t e s  
f ro m  t h i s  c e n t e r .  The f o r m u l a  f o r  t h i s  t r a n s f o r m a t i o n  i s  
d e r i v e d  f ro m  t h e  law  o f  c o s i n e s  ( r e f e r e n c e  36 A p p e n d ix  V)
r < a n d  ^ r e p r e s e n t  t h e  r a n g e s  o f  i n t e g r a t i o n  o f  t h e  c e n t e r  
t o  w h ic h  t r a n s f o r m a t i o n  i s  d e s i r e d ,  v i z .  r - ^ ,  o f  w h ic h  
t h e r e  a r e  two c a s e s :  I .  r . _ < R „ . T and  I I .  r nrt>R . I n  t h e
°CB = l 8 0 0 ’ ^CA = ^CB = 0 ° ,  Q = 2 ,  ZN = + 1 ,  and  i t  i s
o b v i o u s  t h a t  N = 1 I m p l i e s  n u c l e u s  A a n d  N = 2 i m p l i e s  
n u c l e u s  B. ( A 2 -1 5 )  i s  g e n e r a l  f o r  a n y  number  o f  n u c l e i  o f  
c h a r g e  ZM. ( 1 - 1 9 )  may now be  w r i t t e n
I n  o r d e r  t o  e v a l u a t e  t h e  n u c l e a r - e l e c t r o n  a t t r a c t i o n
(A 2-15)
p r e s e n t  c a s e  o f  t h e  h y d r o g e n  m o l e c u l e  R^N
1C CN 1C CN’





Yk | m | ^ C N ’ ^CN^ l s  a  s e o m e t r i c a l  s p h e r i c a l  h a r m o n ic  f o r  t h e
p £
n u c l e a r  f r a m e w o r k .  F o l l o w i n g  Condon and  S h o r t l e y  f o r  t h e  
a n g u l a r  p a r t ,  one  may d e f i n e  t h e  i n t e g r a l  o f  a  p r o d u c t  o f  
t h r e e  s p h e r i c a l  h a r m o n i c s  a s
tt arr
i & J J  'C,
The i n f i n i t e  sum o v e r  k r e d u c e s  t o  t h e  sum o f  a  v e r y  few 
t e r m s  b e c a u s e  o f  a  num ber  o f  l i m i t i n g  c o n d i t i o n s .  F i r s t l y ,  
t h e  o n l y  n o n - z e r o  i n  t h e  sum o v e r  m f o r  e a c h  k i s  t h a t  
f o r  w h ic h
m = mi -  m2 (A 2-18 )
S e c o n d l y ,  t h e  a p p a r e n t l y  i n f i n i t e  su m m at io n  o v e r  k i s  
l i m i t e d  by t h e  s o - c a l l e d  t r i a n g l e  c o n d i t i o n
| j C , - ^ a | S  A  (A 2-19)
M o r e o v e r ,
( A +  I, + * * )  I 2  =  3 ( A2- 20)
Ir
w here  g m u s t  b e  i n t e g r a l  o t h e r w i s e  C i s  i d e n t i c a l l y  z e r o .  
S u b s t i t u t i n g  (A 2 -1 7 )  i n t o  (A 2 -1 6 )  and  a p p l y i n g  l i m i t a t i o n s  
(A 2 -1 8 )  t h r o u g h  (A 2 -2 0 )
/ /




J  r, >  + n'»  J r ,c
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The integral in (A2-21) is broken into two parts: I. rlc<^CN
a n d  I I .  r l c >RCN
C/R?;') J  & ' * * * *  c- J r „
nc=°
+  j  J r ic
f?c
( A 2 - 2 2 )
P
nc—
S u b s t i t u t i o n s  ( A 2 -4 a )  a n d  (A 2 -4 b )  a l o n g  w i t h  d e f i n i t i o n s  
( l - 2 8 a , b , c )  p u t  t h e  i n t e g r a l s  (A 2 -2 2 )  i n t o  t h e  fo rm  o f  t h e  
s m a l l  and  l a r g e  i n c o m p l e t e  gamma f u n c t i o n s  ( l - 2 6 ) a n d  ( 1 - 2 7 ) ,  
r e s p e c t i v e l y ,  w h ich  l e a d s  d i r e c t l y  t o  ( 1 - 2 5 ) .
A f i n a l  n o t e  c o n c e r n i n g  t h e  n u c l e a r - e l e c t r o n  
a t t r a c t i o n  i n t e g r a l s  -  i f  a  n u c l e u s  i s  s i t u a t e d  a t  t h e  
e x p a n s i o n  c e n t e r ,  a  s p e c i a l  c a s e  a r i s e s  i n  w h ic h  RCN " °*
I n  t h i s  c a s e  t h e  n u c l e a r - e l e c t r o n  a t t r a c t i o n  i n t e g r a l  i s  
g i v e n  by
~ Ar(£,)Ar( ' £ * ) [ ' ( * ■ ) ] (A 2-23)
w h e re  h e r e  a = (n + n ) / p .
1 Z z
E l e c t r o n - e l e c t r o n  r e p u l s i o n  I n t e g r a l s :
The e x p a n s i o n  f o r  t h e  two e l e c t r o n  o p e r a t o r  o f  t h e
3 ^H a m i l t o n i a n  i s  g i v e n  by  E y r i n g ,  W a l t e r  and  K i m b a l l
' h  ■ £
w h e re  i n  t h e  p r e s e n t  c a s e  i  = 1 an d  j  = 2 .  S u b s t i t u t i n g  
(A 2-24)  i n t o  ( 1 - 2 0 )  a l o n g  w i t h  t h e  e x p l i c i t  e x p r e s s i o n s  
f o r  t h e  f u n c t i o n s  l e a d s  t o
CD + A
A so  m *-A
• J  J* j
*7* Ge
•’K* >0"• n,c u dr/e orac
A g a in  t h e  a n g u l a r  p a r t s  a r e  s e e n  t o  r e d u c e  t o  Ck 
c o e f f i c i e n t s  (A 2 -1 7 )  w i t h  t h e  r e s t r i c t i o n s  on t h e  
su m m at io n s
m = m i -m 3 = mit -m 2
|j* .-* i|S A  =  U + j y  (A2-27a) o r  |v A - |2 A 2 (*»+je*)
w h i c h e v e r  i s  t h e  l e s s e r  |A x —A3 | o r  |A2 — A ^ | . A l s o ,  
d e p e n d i n g  on  (A 2 -2 7 a )  o r  (A 2 -2 7 b )  e i t h e r
(k  + Ax +Aa ) / 2  = g (A 2 -2 8 a )  o r  (k  + £ 2 + A1|) / 2  = g (A 2-28b)  
w here  g i s  an  i n t e g e r ,  m u s t  be  s a t i s f i e d  i f  C i s  t o  be 
n o n - z e r o .  Assum ing  t h a t  | £ j -Z | - | H2-Zk | o n e  may w r i t e





The above  r a d i a l  d o u b l e  I n t e g r a l s  may b e  b r o k e n  I n t o  two 
d o u b l e  i n t e g r a l s  w i t h  r a n g e s  o f  i n t e g r a t i o n









r,t . .  c - l ^ ^ r>nSJr^  <jrt(.
To s e p a r a t e  v a r t a t f t e s ,  u s e  i s  made o f  t h e  t r i g o n o m e t r i c
(A 2-32)
s u b s t i t u t i o n s
= r as//)^  = f ( r , e )  
( ^ ^ ) Q j a rac o / i9 -  3(n,e>)
(A 2 -3 3 )
R e c a l l i n g  t h a t  t h e  J a c o b i a n  ( r e f e r e n c e  21 p .  133)  m u s t  be 




BS(rt 9)/ar  




a r a str>® cos a 
- a r as2n © oos ®
d r
r  S i  




Upon e x p a n d i n g  ( A 2 -3 10 ,  s o l v i n g  f o r  d r ,  and  s u b s t i t u t i n g
i n t o  (A 2 -3 1 )
J ,  =
r e °  ( A2-35)
• J f c o s 2©)^ ( s i n 20 ) s s i n - ^Gcos~^0  dG 
9
s and  t  w e re  d e f i n e d  by ( l - 3 0 a )  a n d  ( l - 3 0 b ) ,  r e s p e c t i v e l y .
The l i m i t s  on t h e  0 i n t e g r a l  a r e  a r r i v e d  a t  by c o n s i d e r a t i o n
o f  t h e  f a c t  t h a t  a s
r  + r  t h e n  [ ( r 2 s i n 2 0 ) / ( a p + a ) ] 1//p-j- [ ( r 2c o s 20 ) / ( o u  + a  ) ] 1//p 
1C 2C x‘l  ^ 2 *4
o r  a s  r l c ’> r 2c t h e n  t a n  [(“jr,* * S o l v i n S f o r  0
0 = a r c t a n  )j w i t h  an  u p p e r  l i m i t
o f  0 = t t / 2 .  A l s o ,  a s  r^c -»-0, r+ 0  and  r^ -* -00 , r +  The r  
i n t e g r a l  may e a s i l y  be  r e c o g n i z e d  a s  a gamma f u n c t i o n  by m ak in g  
t h e  s u b s t i t u t i o n
x « r 2 (A 2-36)
an d  n o t i n g  t h a t  a s  r  -+0, x -*-0 and  r->°°, x-*-°°. So t h a t
JX
i  ________________ ___  2 n w  ( A 2 - 3 7 )
w h ere  t  an d  s h a v e  b e e n  p r e v i o u s l y  d e f i n e d  and
q -  ( n A + n £ + n^  + n^  + l ) / p  (A 2-38)
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F u r t h e r  s u b s t i t u t i o n s  i n  t h e  Q i n t e g r a l  a r e
a  = s i n 20 (A 2 -3 9 a )
1 - a  = c o s 20 (A 2 -3 9 b )
d a  = 2 s i n  0 c o s  0 d0 (A 2 -3 9 c )
w i t h  l i m i t s  o f  i n t e g r a t i o n  f o l l o w i n g  f rom  t h e  f a c t  t h a t
t a n 2 0 = s i n 20 / c o s 20 = = a / ( l - a )  (A 2-40)
w h ic h  upon  s o l v i n g  f o r  " a ,f l e a d s  t o
<? 4rctflhf(o<5llo<t i ) ' | ,/a ( A 2 - 4 1 )
a.^ I @ 9 ~ T T / 2
Use o f  s u b s t i t u t i o n s  (A 2 -3 9 )  and  l i m i t s  (A 2 -4 1 )  i n  (A 2 -3 5 )
P ( ^ )  f t  $~i  j
=  J (' ' 4 )  4  ( A 2 - , 2 )
A -  <**,)/(<**/
o r  r e w r i t i n g  (A2-A2) ( f
* = »*?} f  Ja
la.= o
-  j ( » -« )* " ' CLS' f J *
d l O  t
M u l t i p l y i n g  an d  d i v i d i n g  (A 2 -4 3 )  by t h e  c o m p l e t e  b e t a  
f u n c t i o n  ( 1 - 3 2 ) ,  u s e  o f  t h e  e x p r e s s i o n  f o r  t h e  i n c o m p l e t e  
b e t a  f u n c t i o n  ( 1 - 3 1 )  a s  w e l l  a s  r e l a t i o n  ( 1 - 3 3 )  and 
c o m b i n i n g  some o f  t h e  gamma f u n c t i o n s  l e a d s  t o
(A 2 -4 3 )
r, =  H r ) f ( t ) ( A 2 - W )
A s i m i l a r  s e r i e s  o f  s t e p s  l e a d s  t o  a n  a n a l o g o u s  e x p r e s s i o n  
f o r  J 2 * S u b s t i t u t i o n  o f  t h e  e x p r e s s i o n s  f o r  ^  and J 2
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i n t o  (A 2 -2 9 )  t h e n  l e a d s  t o  t h e  f i n a l  e x p r e s s i o n  f o r  t h e  




The c o m p u t e r  p r o g r a m s  f o r  p e r f o r m i n g  t h e  r e q u i r e d  
c o m p u t a t i o n s  were  w r i t t e n  i n  t h e  FORTRAN IV (G) c o m p i l e r  
l a n g u a g e  f o r  an  IBM 3 6 0 /4 4  c o m p u t e r .  A m o d u l a r  (SUBROUTINE) 
a p p r o a c h  was t a k e n  i n  o r d e r  t o  f a c i l i t a t e  t h e  w r i t i n g ,  
d e b u g g i n g ,  c o m b i n i n g  and  a s s e m b l i n g  o f  t h e  many r o u t i n e s  
r e q u i r e d  f o r  t h e  v a r i o u s  c o m p u t i n g  JOBS.
OCE-WF R o u t i n e s :  The f o l l o w i n g  i s  a l i s t i n g  o f  t h e  names
a l o n g  w i t h  a  b r i e f  d e s c r i p t i o n  o f  t h e  m a j o r  r o u t i n e s  n e e d e d  
f o r  c o n s t r u c t i n g  t h e  o p t i m i z e d  t r i a l  wave f u n c t i o n s  o f  
m u l t i c o n f i g u r a t i o n a l  t y p e .
MAIN -  The m a in  p r o g r a m  h a n d l e s  im pu t  o f  d a t a ,  o u t p u t  o f
r e s u l t s  and  c a l l s  r o u t i n e s  t o  com pu te  and  s t o r e  f o r
l a t e r  u s e  q u a n t i t i e s  s u c h  a s  f a c t o r i a l s  and  t h e
n u c l e a r  g e o m e t r i c a l  f a c t o r s ,  ^CN^' ^AIN
also calls the optimization routine MINMUM and computes
FN, (R) f ro m  ( 2 - 3 1 ) .  s l o p e
SUBROUTINE FACGAM - Computes factorials and loads them into
a  one d i m e n s i o n a l  a r r a y .  R e q u i r e s  t h e  
u s e  o f  FUNCTION FACT.
FUNCTION FACT - A table look up of previously computed factorials 
SUBROUTINE GEOFAC - Computes nuclear geometrical factors and
l o a d s  them  i n t o  a two d i m e n s i o n a l  a r r a y .  
R e q u i r e s  t h e  u s e  o f  SUBROUTINE SPHERE, 
SUBROUTINE ALEGEN and  FUNCTION PNMX.
8o
SUBROUTINE SPHERE -  E v a l u a t e s  n o r m a l i z e d  S p h e r i c a l  H a r m o n i c s .
R e q u i r e s  t h e  u s e  o f  SUBROUTINE ALEGEN and  
FUNCTION PNMX.
SUBROUTINE ALEGEN -  E v a l u a t e s  t h e  a s s o c i a t e d  L e g e n d r e  f u n c t i o n s .
R e q u i r e s  t h e  u s e  o f  FUNCTION PNMX.
FUNCTION PNMX -  T a b l e  l o o k  up o f  p r e v i o u s l y  com pu ted  a s s o c i a t e d
L e g e n d r e  f u n c t i o n s .
SUBROUTINE MINMUM -  MINMUM i s  a m o d i f i c a t i o n  o f  SUBROUTINE
40STEPIT o b t a i n e d  f ro m  t h e  Quantum
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C h e m i s t r y  P ro g ra m  E x c h an g e  (QCPE).
The r o u t i n e  v a r i e s  t h e  n o n - l i n e a r  p a r a m e t e r s  
n ^ j d ^  and  p i n  a s y s t e m a t i c  p a t t e r n  s e a r c h  
u n t i l  any  f u r t h e r  c h a n g e  i n  t h e  p a r a m e t e r s  
p r o d u c e s  no d e c r e a s e  i n  t h e  e n e r g y  e i g e n v a l u e .  
T h e se  a r e  t a k e n  t o  b e  t h e  opt im um  p a r a m e t e r  
v a l u e s  f o r  t h e  wave f u n c t i o n .
SUBROUTINE FUNK -  Com putes  a n  e n e r g y  v a l u e  w i t h  t h e  p a r a m e t e r s
f u r n i s h e d  f ro m  SUBROUTINE MINMUM.
SUBROUTINE MATRIX -  Computes  v a l u e s  f o r  t h e  m a t r i x  e l e m e n t s
Hi j  an d  ( 1 - 1 6 )  u s i n g  t h e  c u r r e n t
v a l u e s  f o r  t h e  p a r a m e t e r s  and  p
f u r n i s h e d  f ro m  SUBROUTINE MINMUM.
SUBROUTINE NORMAL -  Computes  b a s i s  f u n c t i o n  r a d i a l  n o r m a l i z a t i o n
c o n s t a n t s  ( 1 - 5 ) .
SUBROUTINE OVERLP -  Computes  o v e r l a p  I n t e g r a l s  ( 1 - 2 2 ) .
SUBROUTINE KINETK -  Computes  k i n e t i c  e n e r g y  i n t e g r a l s  ( 1 - 2 4 ) .
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SUBROUTINE ATTRAK -  Computes  n u c l e a r - e l e c t r o n  a t t r a c t i o n
i n t e g r a l s  ( 1 - 2 5 ) .  R e q u i r e s  t h e  u s e  o f  
SUBROUTINE CSUBK^ and  SUBROUTINE GAMIN. 
SUBROUTINE CSUBK -  Computes  Ck c o e f f i c i e n t s  ( A 2 - 1 7 ) .
SUBROUTINE GAMIN -  E v a l u a t e s  t h e  s m a l l  a n d  l a r g e  i n c o m p l e t e
gamma f u n c t i o n s  ( 1 - 2 6 )  an d  ( 1 - 2 7 ) .
SUBROUTINE COULMB -  Computes  r e p u l s i o n  i n t e g r a l  (1-29).
R e q u i r e s  t h e  u s e  o f  SUBROUTINE CSUBK and 
SUBROUTINE BETIN.
SUBROUTINE BETIN -  E v a l u a t e s  t h e  i n c o m p l e t e  b e t a  f u n c t i o n
( 1 - 3 1 ) •
SUBROUTINE EXCHNG -  Computes  r e p u l s i o n  i n t e g r a l  (1-21).
Requires the use of SUBROUTINE CSUBK 
and SUBROUTINE BETIN.
li p
SUBROUTINE CEIG -  R o u t i n e  t o  s o l v e  t h e  s e c u l a r  d e t e r m i n a n t
(1-11). R e q u i r e s  t h e  u s e  o f  d i a g o n a l i z a -  
t i o n  r o u t i n e  SUBROUTINE NESBET.1,3 
SUBROUTINE NESBET -  D i a g o n a l i z a t i o n  r o u t i n e  t o  s o l v e  m a t r i x
e i g e n v a l u e  p r o b l e m  f o r  t h e  e i g e n v e c t o r s ,
C^,  and  t h e  e n e r g y  e i g e n v a l u e s ,  E ^ .
A f lo w  c h a r t  i l l u s t r a t i n g  t h e  l i n k a g e  among t h e  ab o v e  s u b ­
p r o g r a m s  i s  g i v e n  a t  t h e  c o n c l u s i o n  o f  t h i s  a p p e n d i x .
F o r c e  R o u t i n e s : As s t a t e d  a b o v e ,  t h e  f o r c e s  f ro m  t h e  s l o p e  
o f  t h e  t o t a l  e n e r g y  c u r v e  w ere  c o m p u te d  i n  t h e  l a t t e r  p a r t  o f  
t h e  m ain  p r o g r a m  u s e d  t o  c o n s t r u c t  t h e  wave f u n c t i o n .  The 
e n e r g y  h a d  b e e n  s u i t a b l y  p a r t i t i o n e d  i n t o  k i n e t i c  a n d  p o t e n t i a l  
e n e r g y  p a r t s  i n  a n t i c i p a t i o n  o f  t h e  c a l c u l a t i o n  o f  t h e s e  
f o r c e s .
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The e x p e r i m e n t a l  f o r c e s  w e re  c a l c u l a t e d  s i m p l y  by
p ro g ra m m in g  e x p r e s s i o n  ( 2 - 3 2 )  a n d  u s i n g  t h e  v a l u e s  f o r  t h e
s p e c t r o s c o p i c  c o n s t a n t s  g i v e n  by  H u l b u r t  and  H i r s c h f e l d e r .^
The f o l l o w i n g  r o u t i n e s  w ere  n e e d e d  t o  com pute  p L pm(R)KFET
fro m  ( 2 - 2 7 ) .
MAIN -  The m a in  p r o g r a m  r e a d  i n  t h e  wave f u n c t i o n  p a r a m e t e r s
n p d j j  p and a t  v a r i o u s  i n t e r n u c l e a r  d i s t a n c e s .
O u t p u t  c o n s i s t e d  o f  p u n c h e d  c a r d s  l i s t i n g
i n t e r n u c l e a r  d i s t a n c e  R. T h e s e  w ere  u s e d  a s  i n p u t
f o r  a  p l o t t i n g  r o u t i n e  w h ic h  would  g r a p h  t h e  f o r c e s
a s  a  f u n c t i o n  o f  i n t e r n u c l e a r  d i s t a n c e .
SUBROUTINE FODM -  Computes  t h e  f o r c e  m a t r i x  e l e m e n t s  F^
( 2 - 2 8 ) .  R e q u i r e s  t h e  u s e  o f  SUBROUTINE
OVERLP and SUBROUTINE FINT.
SUBROUTINE FINT - Computes the basic force Integrals F^ ,
1 2
( 2 - 2 9 ) .  R e q u i r e s  t h e  u s e  o f  SUBROUTINE 
GEOFAC, SUBROUTINE CSUBK and  SUBROUTINE 
GAMIN.
PLOT R o u t i n e  -  A s e p a r a t e  p r o g r a m  was w r i t t e n  u s i n g  t h e
c o m p u t e r  l i b r a r y  r o u t i n e s  PLOT and  CHAR t o  
p l o t  t h e  c o m p u ted  f o r c e s  a s  a  f u n c t i o n  o f  
I n t e r n u c l e a r  d i s t a n c e .  The c a l c u l a t i o n s  w ere  
p e r f o r m e d  on t h e  360 c o m p u t e r  b e c a u s e  o f  i t s  
s u p e r i o r  c o m p u t i n g  s p e e d  b u t  t h e  a c t u a l  
p l o t t i n g  was d o n e  on  t h e  1 6 2 0 -1 6 2 7  p l o t t e r .
Any o f  t h e  p r o g r a m s  u s e d  h e r e i n ,  i f  n o t  a v a i l a b l e  
f ro m  QCPE, may be  o b t a i n e d  by a d d r e s s i n g  r e q u e s t s  t o  
P r o f e s s o r  F r a n k  L. P i l a r ,  C h e m i s t r y  D e p a r t m e n t ,  P a r s o n s  H a l l ,
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U n i v e r s i t y  o f  New H a m p s h i r e ,  Durham, New H a m p s h i r e  03824 .
MAIN 
( I N P U T )  
I
/  CALL V  
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/  CALL V- 
\ M A T i t I x A
_4_
SUBROUTINE 
— N E S B E T  .
[SUfliiOUTINEI—— /CALE\ 
C |ip I* \CEIG/
- f  c a l i T \
A N E S B E T /
^S U B R O U T IN E
MATRIX
£/  C ALTTV-* 
x n o r m a l A -  
I
/  CALL Y -* fS
x o v e r l p A - -
/  CALL V—* 







/  c a l l  A - A s u b r  
X a t t r a k / — L .  AT
SUBROUTINE 
TliAK__
/  CALL V—  





/   V—*f3I7H 
X CH GA- j E
SUBROUTINE
e x c h n g ___
Flow C h a r t  I l l u s t r a t i n g  L i n k a g e s  Among M a jo r  S u b p ro g ra m s  
Needed t o  C o n s t r u c t  O p t i m i z e d  M u l t i c o n f i g u r a t i o n a l  OCE 
T r i a l  Wave F u n c t i o n s .
